ワイル半金属における電流および電圧誘起スピントルクの理論 by KUREBAYASHI DAICHI
Theory of electrically-induced spin torques in
Weyl semimetal
著者 KUREBAYASHI DAICHI
学位授与機関 Tohoku University
学位授与番号 11301甲第17849号
URL http://hdl.handle.net/10097/00123040
Thesis
Theory of electrically-induced spin
torques in Weyl semimetal
(????????????????????????????)
Daichi Kurebayashi
Department of Physics, Graduate School of Science
Tohoku University
2017

1Contents
Chapter 1 Introduction 7
1.1 Spintronics based on topological materials . . . . . . . . . . . . . 7
1.1.1 Electrical manipulation of magnetization . . . . . . . . . . 7
1.1.2 Three-dimensional topological insulator . . . . . . . . . . 10
1.1.3 Spintronics application . . . . . . . . . . . . . . . . . . . . 13
1.2 Weyl semimetals . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.2.1 General properties . . . . . . . . . . . . . . . . . . . . . . . 16
1.2.2 Realization . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.2.3 Transport properties - Chiral anomaly . . . . . . . . . . . 20
1.2.4 Spintronics application - Topological insulator to Weyl
semimetal . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
1.3 Aims and outlines of the thesis . . . . . . . . . . . . . . . . . . . . 25
Chapter 2 Electrically-induced spin torques in Weyl semimetals 27
2.1 Formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.1.1 Effective continuum model . . . . . . . . . . . . . . . . . . 27
2.1.2 Lattice model . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.1.3 Spin torque mediated by conduction electrons . . . . . . . 30
2.2 Charge-induced spin torque in anomalous Hall ferromagnets . . 31
2.2.1 Phenomenological derivation . . . . . . . . . . . . . . . . 31
2.2.2 Charge-induced spin torque in Weyl semimetal . . . . . . 33
2.2.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . 35
2.3 Linear response theory . . . . . . . . . . . . . . . . . . . . . . . . . 37
2.3.1 Current-induced spin torques . . . . . . . . . . . . . . . . 37
2.3.1.1 Evaluation of spin-orbit torque . . . . . . . . . . 38
2.3.1.2 Evaluation of spin-transfer torque . . . . . . . . 42
2.3.2 Charge-induced spin torque . . . . . . . . . . . . . . . . . 43
2.3.2.1 Evaluation of charge-induced spin torque . . . . 43
2.3.2.2 Numerical results . . . . . . . . . . . . . . . . . . 46
2.4 Boltzmann transport theory . . . . . . . . . . . . . . . . . . . . . . 48
2.4.1 Semiclassical equation of motion with curvatures . . . . . 48
2.4.2 Berry curvature and orbital magnetization of Weyl
semimetal . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
2.4.3 Spin torques . . . . . . . . . . . . . . . . . . . . . . . . . . 50
2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
2.5.1 Spin-orbit torque . . . . . . . . . . . . . . . . . . . . . . . . 54
Contents 2
2.5.2 Spin-transfer torque . . . . . . . . . . . . . . . . . . . . . . 55
2.5.3 Charge-induced spin torque . . . . . . . . . . . . . . . . . 56
2.5.3.1 Physical origin of charge-induced spin torque . 56
2.5.3.2 Relation to the chiral anomaly . . . . . . . . . . 57
2.5.4 Summary of discussion . . . . . . . . . . . . . . . . . . . . 58
2.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
Chapter 3 Voltage-driven magnetization dynamics in Weyl semimetals 63
3.1 Setup and Formalism . . . . . . . . . . . . . . . . . . . . . . . . . 63
3.2 Voltage-driven magnetization dynamics . . . . . . . . . . . . . . 66
3.2.1 Magnetization switching by pulsed voltage . . . . . . . . 66
3.2.2 Spin pumping by AC voltage . . . . . . . . . . . . . . . . 68
3.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
Chapter 4 Summary and Conclusion 71
Acknowledgments 73
Bibliography 75
List of Publications and Presentations 82
Abstract
While fine processing technics on electronic devices are reaching the limitation of
the atomic scale, the idea of utilizing electron’s spin degrees of freedom, in addi-
tion to the electronic degrees of freedom, to achieve higher performance devices has
been gathering great attention as spintronics in both science and industry. Con-
trolling magnetization dynamics is one of the challenges for successful application
of spintronic memory, logic, and sensing nano devices. Local magnetic fields have
been used for this purpose, however, it is known that applying local magnetic fields
causes difficulties in making scalable systems. Instead, current-induced spin torque
such as the spin-transfer torque is also widely used for electrical manipulation of
magnetization. The Joule heating caused by the electric currents, however, limits the
energy efficiency. Hence, establishing more efficient means to control magnetization
is indispensable for the future application.
As a direction of advance, the application of the topological properties has drawn
much interest to achieve more efficient manipulation of the magnetization. For
instance, in the interface of a topological insulator and ferromagnetic insulator, elec-
trical control of the magnetic textures, magnetization switching induced by electric
current, and spin-charge conversion have been studied theoretically and experimen-
tally.
Recently, as anewclass of topologicalmatters,Weyl semimetals havebeengathered
much attention and intensely researched in the past decades. TheWeyl semimetals is
characterized by bulk gapless points calledWeyl nodes and breaking of the inversion
or time-reversal symmetry. Close to theWeyl nodes, excitation is describedby a three-
dimensional linear dispersion which is analog of the Weyl fermion in high-energy
physics. Attributing to this relativistic electronics structure, new physics beyond
the topological insulator can be expected. Specially, the Weyl semimetal realized by
spontaneous ferromagnetism possesses both topological and magnetic properties,
therefore, it might be promising candidate for spintronics applications.
In this thesis, we aim to propose a new spintronics application of the ferromagnetic
Weyl semimetals. To achieve the aim, we conduct our research in two phases. Firstly,
we microscopically study spin-transport properties in Weyl semimetals, mainly fo-
cusing on electrically-induced spin torques. Then, based on the spin torque, we
propose a new spintronics devices driven by the gate-voltage.
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Electrically-induced spin torques in Weyl semimetal
Magnetization dynamics in a solid is described by the Landau-Lifshitz-Gilbert equa-
tion,
dMˆ
dt
= γ0B × Mˆ + αMˆ × dMˆdt + JSMˆ × 〈σ〉, (1)
where the last term is called a spin torque containing contribution from conduction
electrons. Spin torque is an important physical quantity to determine magnetization
dynamics. Because of strong spin-orbit coupling and the topological nature in the
electronic structure in Weyl semimetals, spin torque can be distinct from those of
conventional ferromagnetic metals. In this study, we analyze electrically induced
spin torques mediated by the three-dimensional Dirac-Weyl electrons in magnetic
Weyl semimetals. By employing phenomenological, semiclassical, and microscopic
approaches, we calculate the conduction electron spin density as a response to an
external electric voltage and currents.
Firstly, we examine induced-spin density as a response to electric voltage, and find
that spin torque is generated by electric voltage in the presence of an external electric
field, named as the charge-induced spin torque. We also find that the charge-induced
spin torque is understood by the chiral anomaly, and experimentally observed as a
frequency shift of a ferromagnetic resonance peak which is estimated as ∼ 3% for
typical topological materials.
Secondly, we calculate current-induced spin torques such as the spin-orbit torque
and spin-transfer torque. As a result, we obtain analytical expression of spin torques,
and find that the spin-orbit torque is proportional to an axial current density, whereas
the spin-transfer torque is understood as the Hall effect under axial magnetic fields
induced by magnetic textures.
Finally, we summarize electrically induced spin torques in Weyl semimetal as
JSMˆ × 〈σ〉 = σAHEφMˆ ×B + JSχSOTMˆ ×E + JSχSTTMˆ × (∇ × Mˆ ) ×E (2)
where φ is electric potential, and coefficients will be presented in the main text.
Voltage-driven magnetization dynamics in Weyl
semimetals
In this study, we analyzemagnetization dynamics in amultilayer structure [Fig.1 (a)]
comprising the magnetic Weyl semimetal, an insulator, and a metal by solving the
Landau-Lifshitz-Gilbert equation with the charge-induced spin torque. As a result.
we found thatmagnetization switching is drivenbyapulsed electric voltage as shown
in Fig.1 (b). In addition, precession motion is induced by the oscillating electric
voltage, generating a spin current. These electric manipulations of magnetization
require no constant current, therefore, spintronics deviceswith thismechanismmight
be energetically more efficient than ones with conventional current-induced torque.
(a) (b)
Fig. 1 (a) Schematic illustration of spintronics device consisting of a magnetic
Weyl semimetal. An electric voltage is applied between the top Weyl semimetal
and the bottom insulator layer. (b) Magnetization switching driven by pulsed gate
voltage.
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Introduction
Electric manipulation of magnetic degrees of freedom is of major interest in the field
of spintronics for achieving low-energy consumption electronic devices. Recently,
the application of the topological properties of materials has drawn much interest to
achieve amore efficientmanipulation ofmagnetization. In this chapter, we review the
recent theoretical and experimental developments in spintronics phenomena based
on topological materials, specifically topological insulators. Then we introduce a
Weyl semimetal, which is the main focus of this thesis, as a candidate material for a
new application in spintronics.
1.1 Spintronics based on topological materials
In this section, we review spintronics phenomenawith three-dimensional topological
insulators. We startwith briefly introducing important concepts in spintronics related
to electric manipulation of magnetization such as the spin-transfer torque and the
spin-orbit torque. Then we review the realization of three-dimensional topological
insulators and recent experimental and theoretical developments in spintronics based
on topological insulators.
1.1.1 Electrical manipulation of magnetization
Controlling magnetization dynamics is one of the challenges for successful applica-
tion of spintronic devices. Local magnetic fields have been used for this purpose,
however, it is known that applying local magnetic field causes difficulties in mak-
ing scalable systems. Instead, current-induced spin torque such as the spin-transfer
torque and the spin-orbit torque are widely used for electrical manipulation. The
Joule heating caused by the electric currents, however, limits the energy efficiency.
To avoid this problem, the current-free means are also proposed. In this subsec-
tion, we review theoretical and experimental studies on current- and voltage-driven
magnetization dynamics.
Current-induced spin torque
In a ferromagnetic metal, an imbalance between a flow of spin-up and spin-down
electrons gives rise a flow of spin angular momentum, a spin current. When the
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Fig. 1.1 A schematic illustration of the spin-transfer torque [3]. When a spin
current flows through a ferromagnetic layer while changing its polarization, a
spin torque is exerted onto the magnetization of the local moments by exchanging
angular momenta.
polarization of the spin current is non-colinear to themagnetization of localmoments
in a ferromagnetic metal, the reorientation of the electron spin polarization occurs
due to exchange interaction. This change in the spin angular momentum of spin
currents results a torque on the magnetization of the local moments by conservation
of the angular momentum. Namely, the torque is understood by the transfer of the
angular momentum from the conduction electrons to the magnetization of the local
moments, referred to as the spin-transfer torque[1, 2]. The figure 1.1 schematically
illustrates the basic physics of the spin-transfer torque [3]. The spin-transfer torque
is often expressed in two component, an in-plane components T‖ of the incident and
outgoing spin direction and an out-of-plane component T⊥ to the plane (shown in
Fig.1.1), as
T‖ = g‖Mˆ × (Mˆ × IS), (1.1)
T⊥ = g⊥Mˆ × IS, (1.2)
where Mˆ is a normalized directional vector of the magnetization, IS is polarization
of the spin currents. The former is often called an adiabatic spin torque which is
responsible for the magnetization switching [4], whereas the latter is referred to as a
non-adiabatic or a field-like torque leading magnetization precession [5].
The spin-transfer torque is known to play an important role to explain magnetic
domainwall dynamics [6, 7]. Experimentally, the current-driven domainwallmotion
was observed in a wire of ferromagnetic metals such as NiFe[8] and ferromagnetic
semiconductors such as (Ga,Mn)As [9].
Alternative to the spin-transfer torque, the spin-orbit torque emerging due to
strong spin-orbit interaction and exchange interaction is known as an another way of
electrical control of themagnetization [11, 10]. Unlike the spin-transfer torque requir-
ing non-colinearlity in magnetic structure, a current acquires a net spin polarization
because of the strong spin-orbit interaction even in a uniform magnetic structure,
inducing magnetization dynamics. Specifically with materials lacking crystalline
inversion symmetry, the effect becomes prominent, and various type of spin-orbit
Chapter 1 Introduction 9
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Fig. 1.2 (a) Band structure of a two-dimensional electron gas with the Rashba
spin-orbit coupling. (b) Fermi surface and spin direction in the absence and the
presence of external electric fields are depicted. (Both (a) and (b) from Ref.[10])
torque can be emerged depending on a crystal structure [10, 12]. To see the phenom-
ena more in detail, let us consider a simple model to realize the spin-orbit torque,
a ferromagnetic tow-dimensional electron gas with the Rashba spin-orbit coupling
[13, 11]. The Hamiltonian of such system is given by
H2DEG =
k2
2m
+ αR(k × zˆ) · σ − JMˆ · σ (1.3)
where αR is a coupling constant of the Rashba spin-orbit interaction, zˆ is the nor-
malized vector perpendicular to the plane containing electron gas, σ is the real spin
operator of itinerant electrons, and J is the exchange coupling constant between
conduction electrons and the magnetization of the local moments. The energy eigen-
values for the J = 0 case are easily calculated as
ϵ±(k) =
k2
2m
± αR|k|, (1.4)
and the band structure is depicted in Fig.1.2 (a) [10]. Importantly, at each k point,
states have a spin with the quantization axis parallel to k × zˆ, namely spin and mo-
mentumhave one-to-one correspondence. This correspondence provides newmeans
to convert electric currents to spin currents by an effect so-called Rashba-Edelstein
effect [14, 13]. The mechanism of the Rashba-Edelstein effect is following. When
the external electric fields are applied, shift in Fermi surface creates a population
imbalance between a state |k ↑〉 and |−k ↓〉 depicted in Fig.1.2 (b), inducing a net spin
polarization 〈s〉 ∝ zˆ × 〈j〉. Consequently, a spin torque is generated via the exchange
interaction between the magnetization of local moments.
Voltage-driven magnetization dynamics
Although the spin-transfer torque and the spin-orbit torque have great advantages in
practice, they still require electric currents limiting energy efficiency from the Joule
heating. Alternative to the current-induced spin torque, magnetization control by a
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static electric field or gate voltage has been gathered interest to realize low power
consumption spintronics devices. The first electric-field control of magnetization
was performed for diluted ferromagnetic semiconductors such as (In,Mn)As and
(Ga,Mn)As [15, 16, 17, 18]. In diluted ferromagnetic semiconductors, ferromagnetic
interaction is mediated by hole carriers [19, 20, 21]. The change in a hole concen-
tration by gate controlling, therefore, modifies magnetic properties of the system
including the Curie temperature, a coercive field, and magnetic anisotropy, leading
magnetization direction switching. However, the Curie temperature of these systems
are usually much smaller than the room temperature, and this limits the effect to low
temperature and makes the practical application difficult.
Voltage-induced magnetization control in a thin film of ferromagnetic 3d metals
embedded in magnetic tunnel junction using a MgO barrier have been also demon-
strated [22, 23]. Unlike diluted magnetic semiconductors, the 3d metals such as an
iron and a cobalt have the Curie temperature above the room temperature, there-
fore room-temperature operations might be possible with the materials. Since the
interfacial magnetic anisotropy between MgO and 3d metals are attributed to the
interfacial symmetry breaking and the concentration of the unpaired d electrons, the
magnetic anisotropy can be modified by the gate voltage[24, 25, 26, 27, 28]. As a
consequence, the voltage-driven spin torque is generated. In the magnetic tunnel
junction composed of FeCo andMgOwithAu capping layer, coherentmagnetization
switching by pulsed voltage was experimentally performed [22]. Comparing with
magnetization switching by current-induced spin torques, significant reduction of
the energy consumption by 1/500th was achieved.
1.1.2 Three-dimensional topological insulator
In the past decades, the topological phases of mattes have been the cynosure of the
modern physics, and drawn much attention. The concept of topology in condensed
matter was first introduced to explain the precise quantization of conductivity in
quantum Hall states belonging to a topological class without time-reversal symme-
try [29, 30]. This theory was later extended to the time-reversal symmetric system
[31, 32, 33, 34], leading observation of a quantum spin Hall insulator which is now
known as a two-dimensional topological insulator , in a CdTe/HgTe/CdTe quantum
well structure[35]. Soon after that, an ARPES experiment identified the semiconduct-
ing alloy Bi1−xSbx as the first three-dimensional topological insulator[36], following
theoretical proposals in 2006[37, 38, 39]. These topological phases are distinct from
conventional insulators because they always accompany gapless topological metallic
states on a surface (edge) while remaining the bulk electronic structure insulating.
The topological surface state is often denoted as a Dirac cone because its dispersion
is described by the two-dimensional massless Dirac Hamiltonian. The existence of
Dirac cones are guaranteed by the bulk topological invariant so-called Z2 invariant
[33], and they are robust against any perturbation unless time-reversal symmetry is
broken. A lot of unique transport properties associated with the Dirac cone are pre-
dicted, and this is one of themain reasonwhy three-dimensional topological insulator
has been gathering this much attention. Unfortunately, the first three-dimensional
topological insulator Bi1−xSbx has rather small bulk gap and a complicated surface
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band structure due to the spin-splinting surface bands which a bismuth originally
possesses, making further studies difficult.
A family of materials, Bi2Se3, Bi2Te3, and Sb2Te3, was predicted to be a new class
of topological insulators with a single Dirac cone at the Gamma point [40, 41], and
experimentally confirmed [42, 43, 44]. The ARPES data in Fig.1.3 (a) show that there
are states traversing bulk gap (∼ 200 meV) in both kx = 0 cut and ky = 0 cut, clearly
indicating the existence of a Dirac cone. Experimental data shows good agreement
with the first principle calculation obtained for slab geometry in Fig.1.3 (b), indicating
the Dirac cone is indeed a surface state.
One of the important features of the Dirac cone is that spin and momentum have
a one-to-one correspondence described by s ∝ nˆ × k where nˆ is an unit vector
perpendicular to the surface, known as the spin-momentum locking. Such spin
structure is called helical. Figure. 1.3 (c) shows spin polarization of Bi2Te3 along
kx-axis obtained by a spin-resolved ARPES experiment, showing that y-component
changes its sign as kx, while x− and z-components remain zero. Projected spin
polarization onto Fermi surface is given in Fig.1.3 (d), showing the surface Dirac
cone has helical spin structure. These results indicate that the low-energy physics for
the surface Dirac cone is described by the effective Hamiltonian,
Hsur = vF
(
σxky − σykx
)
(1.5)
where vF is the Fermi velocity, and σx and σy denote x and y component of spin,
respectively[41]. Here we consider a surface perpendicular to z-axis. The eigenstates
of the Hamiltonian with opposite momentum, |k ↑〉 and |−k ↓〉, have opposite spin
states, making the matrix element between these two states zero for non-magnetic
perturbations. Therefore, back-scattering is not allowed in a surface of topological
insulator unless a perturbation breaking time-reversal symmetry is introduced.
So far, we saw the realization of topological insulators and properties of surface
Dirac cones in the presence of time-reversal symmetry. However, when time-reversal
symmetry is broken, surface Dirac cones exhibit even more interesting physics. In
the following, let us consider a magnetic topological insulator or magnetic proximity
on the surface of a topological insulator. Interaction between magnetization and
surface Dirac cone is introduced by exchange interaction, Hex = Jσ ·M where J is
the exchange coupling and M is magnetization of local moments. By combining
the exchange interaction with the surface effective Hamiltonian, Eq.(1.5), we obtain
a surface Hamiltonian of a magnetic topological insulator as
HMTI = vF
[
σx
(
ky +
JMx
vF
)
− σy
(
kx −
JMy
vF
)
+ σz
JMz
vF
]
, (1.6)
whose dispersion is given by
ϵ(k) = ±
√
(ky + JMx/vF)2 + (kx − JMy/vF)2 + (JMz/vF)2. (1.7)
This means that the surface Dirac cone acquires energy gap 2|JMz/vF| reflecting time-
reversal symmetry breaking by magnetic moments. It is known that, when the Dirac
Chapter 1 Introduction 12
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Fig. 1.3 (a) Surface Dirac cone measured by a high-resolved ARPES experiment.
There are gap traversing modes in both kx and ky direction indicating the Dirac
cone. (b) Local density of states of Bi2Se3 on the [111]surface obtained from the
effective tight-bindingHamiltonian. Thematerial parameters are determined to fit
the first principle calculation. Red region denotes the Bulk density of states with
red line around theGammapoint. (c) Spin polarizationmeasured by spin-resolved
ARPES experiment along kx axis. y-component of spin polarization changes the
sign along kx, while x− and z-components remains zero, indicating helical spin
texture. (d) Projected Fermi surface of Bi2Te3 [111] surface measured by a high-
resolved ARPES experiment. Red arrows are projected spin direction, showing a
helical spin texture.
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Hamiltonian becomes massive, the intrinsic Hall conductivity takes half-quantized
value determined by the sign of mass [30]. Namely, the Hall conductivity of a surface
of a magnetic topological insulator is determined by the sign of the perpendicular
component of magnetization to the surface as [45, 46, 47, 48]
σxy =
e2
2h
sgn(Mz), (1.8)
where sgn(x) is a sign function. This effect is known as the anomalous Hall effect,
the Hall effect in vanishing magnetic fields. Experimentally, spontaneous ferromag-
netism was observed in Cr-doped Bi2Se3 [49, 50, 51], and mass acquisition of a Dirac
cone by magnetic ordering was confirmed. Figure 1.4 (a) shows that the surface
Dirac cone develops energy gap with increasing Cr-concentration [50]. A further ex-
periment for Cr-doped (Bi, Sb)2Te3 was performed [52, 53, 54], and ferromagnetism
was observed from the magnetic hysteresis in a Hall resistivity shown in Fig.1.4 (b).
They measured almost quantized anomalous Hall conductivity while longitudinal
conductivity takes minimum value as shown in Fig.1.4 (c). Note that the quantized
conductivity attributes to both top and bottom surface states. The results strongly
suggests that a half quantized anomalous Hall state is realized on a surface of a
magnetic topological insulator.
1.1.3 Spintronics application
Following the developments in magnetic topological insulators, the idea of utilizing
properties of the surface Dirac cone to spintronic devices has gathered more and
more interests. In this subsection, we review some of theoretical and experimental
developments in topological-insulator-based spintronics.
The most of successful spintronics application of topological insulators are mainly
relies on two features, the spin-momentum locking and the characteristics of the
anomalous Hall states. Let us first introduce effects related to the spin-momentum
locking. As we introduced, a direction of spin and momentum have one-to-one
correspondence at a surface of topological insulators. This spin-momentum locking
provides new means to convert electric currents to spin currents by the Rashba-
Edelstein effect[14, 13] and spin currents to electric currents by the inverse Rashba-
Edelstain effect[55]. As we introduced in subsection 1.1, when external electric fields
are applied, a net spin accumulation 〈s〉 ∝ zˆ × 〈j〉 is induced on a surface by the
Rashba-Edelstein effect. The spin to electric current conversion is, on the other hand,
achieved by its inverse effect, namely a population imbalance in spin states shifts the
Fermi surface to create electric currents. Recently, the spin-charge conversion on the
surface of a topological insulator was actually observed [56, 57, 58, 59, 60], and the
spin-Hall angle, a quantity often used to evaluate the efficiency of the spin-charge-
conversion, was found to be three orders ofmagnitude lager than ones so far reported
[61]. These results indicates that the Rashba-Edelstein and the inverse Rashba-
Edelstein effect are remarkably enhanced by the spin-momentum locking. More
recently, current-induced magnetization reversal was performed [62, 61, 63, 64, 65].
Figure. 1.5 shows the experimental setup composedof topological insulator/magnetic
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Fig. 1.4 (a) ARPES intensity maps of Cr-doped Bi2Se3 with doping concentration
x [50]. As increasing magnetic dopants concentration, surface spectrum evolves
from a gapless linear dispersion to a massive dispersion. (b) Field dependence
of Hall resistance measured in Cr-doped (Bi, Sb)2Te3 with Cr concentration 15%.
Magnetic hysteresis indicates ferromagnetism. (c) Gate voltage dependence of lon-
gitudinal and Hall conductivity. Almost quantized Hall conductivity is obtained
at Vg = −1.5 V. (both (b) and (c) from Ref.[52])
topological insulator bilayer, and the anomalousHall conductivity as a function of in-
plane appliedDC currents. It is shown that the anomalousHall conductivity changes
the sign when the direction of in-plane applied DC currents is flipped, indicating a
perpendicular component of magnetization to the surface is reversed by the applied
current. The threshold current density for switching was reported to be ∼ 1010 A/m2
[65] which is the order of magnitude smaller than those of normal metal/ferromagnet
heterostructure (∼ 1011 − 1012 A/m2) [66, 67, 68, 69], making magnetic topological
insulator promising for spintronics application.
Secondly, we introduce a theoretical proposal related to the anomalous Hall states.
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Fig. 1.5 (a) Schematic figure of the experimental setup consisting of
(Bi, Sb)2Te3/Cr − doped(Bi, Sb)2Te3. Electric currents are applied in-plane. (b) The
anomalous Hall conductivity as a function of the applied DC current. The sign
change in the anomalous Hall conductivity indicates magnetization reversal.
Let us start with the generic discussion of a massive Dirac fermion. It is known
that the action of electromagnetic fields for massive Dirac electrons are given by the
so-called Chern-Simon action,
SCS = − e
2
4pi
sgn(m)
∫
dtd2xϵµνρAµ∂νAρ (1.9)
wherem is a mass parameter,Aµ is scalar and vector potentials, ϵµνρ is the completely
antisymmetric tensor [70, 71]. As a consequence of the Chern-Simon contribution,
current and charge density acquire additional terms given by
jind =
δSCS
δA
=
e2
4pi
sgn(m)zˆ ×
(
∂A
∂t
+∇A0
)
, (1.10)
ρind =
δSCS
δA0
= − e
2
4pi
sgn(m)zˆ · (∇ ×A). (1.11)
The first equation is nothing but the anomalous Hall effect. In addition, Eq.(1.11)
predicts that the charge density also gets modification.
On the other hand, on the surface of a magnetic topological insulator, Eq.(1.6)
indicates that the in-plane components of magnetization act as emergent vector
potential, namely A = JevF zˆ ×M . By substituting the relation to Eq.(1.11), we obtain
an induced charge density as
ρind = − e
2
4pi
sgn(m)
J
evF
∇ ·M , (1.12)
indicating that magnetic textures with finite divergence get charged on the surface of
a topological insulator [72]. This localized charge enable us to manipulate magnetic
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texture such as domain walls [72] and skyrmions [73] by external fields. Note that
these discussion only holds in insulators, namely the Fermi energy is located in
surface energy gap induced by magnetization. Conversely, there are no conducting
electrons associated with this effect, therefore the magnetic manipulation with this
operating principle can be free from the Joule heating and energetically efficient.
1.2 Weyl semimetals
In the last section, we saw that magnetic topological insulators might be a promising
materials for spintronics application. However, in topological insulators, these novel
transport properties are essentially two-dimensional effects. On the other hand,Weyl
semimetals were recently proposed as new three-dimensional topological materials,
and has been gathering attentions. Hence theWeyl semimetals have bulk topological
properties, they might exhibit new spintronics phenomena and could be another
candidates for next generation of spintronics materials.
In this section, we review the electronic band structure, the realization, and the
transport properties of the Weyl semimetal.
1.2.1 General properties
Conventionally, the states ofmatter are classified in gases, liquids and solids, which is
distinguished by the spontaneous symmetry breaking. Solids are further categorized
into insulators and metals by the electronics structure: insulators are characterized
by finite excitation energy, while metals are characterized by a finite area of Fermi
surface. In addition, semimetals are known to appear between these two phases,
possessing the vanishing band gap or tiny overlap between valence bands and con-
duction bands. Electronic and transport properties of semimetals are remarkably
different from ones of insulators and metals. Graphene [74] is the most famous ex-
ample of semimetals with a vanishing Fermi surface, whose conduction and valence
bands are touching at certain points inmomentum space (Weyl point). Near theWeyl
points, an electronic excitation is described by the massless linear dispersion which
is analogous to the fundamental particle ,Dirac-Weyl electrons, in the field theory.
This realization of the relativistic quasiparticles in solids has now been one of the
great interests in condensed matter physics and particle physics.
In the past decade, three-dimensional analogs of graphene, Weyl semimetals, has
drawn further attentions, becausemany interesting phenomena used to be discussed
in high-energy physics are predicted [75, 76, 77]. The Weyl semimetals have more
than a pairs of Weyl points, and the electronic structure near the Weyl points are
described by the famous Weyl Hamiltonian [78, 79],
HWeyl = ℏk · vσ (1.13)
whose dispersions are given as ϵ(k) = ±√(vk)2, where ℏ is the Dirac constant,
v is the velocity tensor, k is the wave number measured from the Weyl point, and
σ = (σ1, σ2, σ3) are the Paulimatrices. Unlike the case of a two-dimensional graphene,
all three components of Pauli matrices have been used, therefore, it is impossible to
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Fig. 1.6 (a) The schematic bulk energy spectrum of the Weyl semimetal. (b) The
schematic picture of theWeyl points (red circles) in the bulk Brillouin zone and the
Fermi arc states (yellow line) in the surface Brillouin zone [82].
introduce a matrix which gaps out a single Weyl point. This suggests the metallic
states of the Weyl semimetals are stable against any perturbations, making the Weyl
points the topological objects. The topology of theWeyl points is characterized by the
chirality, the quantum number for massless particles, defined as λ ≡ k · vσ/|k · vσ| =
±1. Physically, the chirality corresponds to the monopole charge in the momentum
space. Hence the totalmonopole charge in themomentumspacemust be zero [80, 81],
the Weyl points always appear in pairs with the opposite chirality. Conversely, the
Weyl points can be only destroyed when the twoWeyl points with opposite chirality
meet each other in themomentum space to pair annihilate. The typical band structure
of theWeyl semimetals with a pair of Weyl points is shown in Fig.1.6 (a). An another
important feature of the Weyl semimetals is the existence of the topological surface
states, so-called Fermi arc states. The Fermi arc state appears to connect the twoWeyl
points with opposite chirality projected onto the surface Brillouin zone, depicted in
Fig.1.6 (b). The observation of the Fermi arc states is clear evidence of the realization
of the Weyl semimetal phase.
1.2.2 Realization
In the following, we review the realization of Weyl semimetals. To realize the Weyl
semimetals, at least inversion or time-reversal symmetry must be broken. The in-
version symmetry broken Weyl semimetals were first proposed to be appeared as
an intermediate state in topological phase transition between normal and topolog-
ical insulators[75] while the time-reversal symmetry broken Weyl semimetals were
proposed in pyrochlore iridates such a A2Ir2O7, where A = Y or rare earth such as
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Fig. 1.7 (a) The crystal and (b) magnetic structures of Mn3Sn. Mn moments form
triangular lattice with a non-collinear antiferromagnetic configuration. (c) The
experimental results on the anomalous Hall effect. The Hall conductivity is finite
with vanishing magnetic field. [83] (d)The band structure obtained by the first
principle calculation. W± denotes the Weyl points with the chirality ±1i. [84]
Eu, Nd, and Sm [76]. The intensive theoretical studies [76, 77, 85, 86, 87, 88, 84]
have led to a large amount of experimental efforts to discover the Weyl semimetal
phase. In the 2014, following theoretical proposals of inversion-symmetry-broken
Weyl semimetal phase in the TaAs class of materials[89, 90], the first experimental
realization was reported by the angle resolved photoemission spectroscopy (ARPES)
clearly showing linear bulk cones and topological surface Fermi arc states[91, 92].
After the first discovery, a number of systems were experimentally shown to be the
inversion-symmetry-broken Weyl semimetals[93, 94, 95, 96, 97, 98, 99, 100].
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Fig. 1.8 Topological phase diagram as a function of temperature and the strength
of spin-orbit coupling [86]. The black line and red points correspond to the critical
temperature of magnetic transition, while blue region denotes theWeyl semimetal
phase whose boundary corresponds to the topological phase transition points.
NI, MI, TI, MTI, and WSM denote a normal insulator, a magnetic insulator, a
topological insulator, a magnetic topological insulator, and a Weyl semimetal,
respectively.
On the other hand, the time-reversal symmetry brokenWeyl semimetal phase was
observed in a non-collinear antiferromagnet such as Mn3Sn and Mn3Ge [83]. The
crystal and magnetic structure of Mn3Sn are shown in Fig.1.7 (a) and (b). In Fig.1.7
(c), large Hall resistance without magnetic fields, the anomalous Hall resistance,
was measured, which is unusual in antiferromagnetic materials with vanishing net
magnetization. Later, the theoretical study demonstrated that this large anomalous
Hall effect can be explained by the existence of the Weyl points in an electronic
structure [84, 101, 102, 103, 104]. Although the conclusive evidences by the ARPES
experiment have not yet been provided, the first principle calculation also showed
that the existence of the Weyl points and the surface Fermi arc, shown in Fig.1.7 (d).
In addition, the ferromagneticWeyl semimetal phases are predicted in the strongly
spin-orbit coupled semiconductor doped with magnetic impurities [85, 86]. The
spontaneous magnetization of magnetic dopants breaks time-reversal symmetry,
leading the topological phase transition when the original band gap of the semicon-
ductor is smaller than the exchange energy. A proposed topological phase diagram
as a function of temperature and the strength of the spin-orbit coupling are shown
in Fig.1.8, predicting the existence of a ferromagnetic Weyl semimetal phase [86].
Weyl semimetals realized by the magnetic ordering of local moments are especially
promising for spintronics applications, because they possess bothmagnetic and topo-
logical properties. In this thesis, we focus our discussion on the ferromagnetic Weyl
semimetal realized by magnetic doping.
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1.2.3 Transport properties - Chiral anomaly
The chiral anomaly is considered as one of the most novel transport properties of
Weyl semimetals. To be straight to the point, the chiral anomaly is the apparent
violation of the charge and axial currents described by
∂µ j
µ
e = − e
3
2pi2
(B5 ·E +B ·E5) (1.14)
∂µ j
µ
5 = −
e3
2pi2
(B ·E +B5 ·E5) (1.15)
whereE,B (E5,B5) are vector (axial) electromagnetic fields, and j
µ
e and j
µ
5 are electric
and axial currents, respectively [105, 106, 81]. Definitions will be given in the follow-
ing. Importantly, the chiral anomaly only appears in even space-time dimensional
gapless systems [45, 107], thus the effect is present in Weyl semimetals while absent
in topological insulators. In this section, we present the most simple and intuitive
derivation of the chiral anomaly.
To this end, let us start with defining two kinds of charge and current in Weyl
semimetals. As introduced in subsection. 1.2.1, a Weyl node are characterized by the
quantum number λ, the chirality. As a conventional manner, an electric charge and
currents are defined as ρe = ρ+ + ρ−je = j+ + j− (1.16)
where n± and j± are charge and current density of a Weyl electron with the chirality
±, respectively. In addition to this, the axial charge and currents are defined by a
difference of charge and current of opposite chirality asρ5 = ρ+ − ρ−j5 = j+ − j− . (1.17)
??
Fig. 1.9 Schematic figure of (a) charge and (b) axial currents. The red (blue) circle
denotes the Weyl electron with the chirality λ = +1 (−1).
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Figure 1.9 shows schematic illustrations of the electric and axial currents. Let us as-
sume that we can define the electromagnetic fields, E5 andB5, which act oppositely
on theWeyl electrons with opposite chirality λ. Namely, the defined electromagnetic
fields are given asE5 = λE andB5 = λB whereE andB are the vector electromag-
netic fields. In the condensed matters, they appear as the emergent electromagnetic
fields induced, for instance, by a magnetic texture dynamics [108, 109, 110] and
screw lattice dislocations [111, 112]. The details of the magnetic texture case will be
discussed in the Chap.2.
Next let us consider the charge density. In the magnetic fieldB, the dispersions of
a single Weyl points with the chirality χ are give by the Landau levels as
En = vFsgn(n)
√
2|n|eB + (k · Bˆ)2, n = ±1,±2, . . . , (1.18)
E0 = −λk · Bˆ (1.19)
where vF is the Fermi velocity, sgn(x) is the sign function, and Bˆ is a unit directional
vector ofmagnetic fields [79, 107]. Each level has the Landau degeneracy gLL = eB2pi per
an area. The schematic figure of Landau levels is shown in Fig.1.10 (a). Importantly,
the zeroth Landau levels are gap traversingmodes dispersing only one direction: the
direction of dispersion is determined by the chirality of the Weyl points. Contrary,
non-zero Landau levels are independent of the chirality.
If an electric field is applied parallel to external magnetic field, all states in the
zeroth Landau level are driven along the field as k˙ = −eE. Here we assume that
the temperature and the chemical potential are smaller than the Landau gap, vF
√
eB,
thus only zeroth Landau levels contribute to the electronic excitation. Hence, the
zeroth Landau levels are chiral, there is only one state sitting of the Fermi surface. If
we fix the chemical potential, the number of charge in a single Landau level changes
as ρ˙λ = −egLLλ|k˙|/2pi = e2λ|E||B|/4pi2 in the presence of electric fields. Namely, the
charge density of a Weyl electron with λ is non-conserving, and electric and axial
charge density are obtained as
∂ρe
∂t
= gLL
(
ρ˙+ + ρ˙−
)
= 0 (1.20)
∂ρ5
∂t
= gLL
(
ρ˙+ − ρ˙−) = e32pi2B ·E. (1.21)
The results show that axial charge is not conserving when an applied magnetic field
and electric field are parallel, while electric charge conserves.
So far, we only considered E and B, however, it is straight forward to introduce
the axial electromagnetic fields E5 and B5. The discussion is almost parallel with
substitutionof electromagnetic fieldswith the axial fields, summarized in the Fig.1.10.
The main differences are following. Firstly, in the presence of axial magnetic fields,
the direction of the zeroth Landau level’s dispersion becomes independent of the
chirality. Secondly, in the presence of axial electric fields, the states are driven
oppositely depends on the chirality. As a result, the charge densities in the presence
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Fig. 1.10 Schematic illustration of the Landau levels and the chiral anomaly. Red
(blue) circles denote theWeyl electronwith the chirality+1 (−1). Eλ andBλ denote
electromagnetic fields which act on a Weyl electron with λ. (a) Electromagnetic
fields are present, while axial electromagnetic fields are absent. (b) Magnetic
fields and axial electric fields are present, while electric fields and axial magnetic
fields are absent. (c) Axial magnetic fields and electric fields are present, while
magnetic fields and axial electric fields are absent. (d) Axial electromagnetic fields
are present, while electromagnetic fields are absent.
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Fig. 1.11 The schematic illustration of the chiral anomaly induced transport phe-
nomena. (a) The current driven perpendicular to the applied electric field in the
absence of external magnetic fields, denoting the anomalous Hall effect. (b) The
current driven parallel to the applied magnetic field, denoting the chiral magnetic
effect.
of both normal and axial electromagnetic fields are given as
dρe
dt
=
e3
2pi2
(B5 ·E +B ·E5) (1.22)
dρ5
dt
=
e3
2pi2
(B ·E +B5 ·E5) . (1.23)
This results are nothing but Eq.(1.14) and (1.15) in a uniform system.
Above arguments are the most simple derivation of the chiral anomaly in three-
dimensions, suggesting the chiral nature of the zeroth Landau levels have key role
to realize the chiral anomaly. The results also indicates that even the conservation
law of an electric charge is brokenwhen both normal and axial electromagnetic fields
are applied [108]. In the condensed matter, however, an electric charge has to be
conserved quantity, satisfying the continuity equation. How can we understand this
problem? This can be understood by introducing the axial scalar potential φ5 and
the axial vector potentialsA5 which are defined by the relationsB5 =∇ ×A5E5 = −∇φ5 − ∂A5∂t . (1.24)
With use of the axial potentials, Eq.(1.14) can be written as
∂ρe
∂t
+∇ · je = e
3
2pi2
[
(∇ ×A5) ·E +
(
−∇φ5 − ∂A5∂t
)
·B
]
= − e
3
2pi2
[
− ∂
∂t
(A5 ·B) +∇ · (E ×A5 − φ5B)
]
. (1.25)
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By redefining charge and current density, the continuity equation can be restored as
∂
∂t
(
ρe + ρanomaly
)
+∇ ·
(
je + janomaly
)
= 0 where
janomaly =
e3
2pi2
(
E ×A5 + φ5B
)
. (1.26)
ρanomaly =
e3
2pi3
A5 ·B (1.27)
Therefore, to preserve the continuity equation of electric charge, additional contribu-
tions to charge and currents appear due to the chiral anomaly [108]. Physically A5
corresponds to the separation between two Weyl points in momentum space and φ5
denotes to the separation in energy known as the axial chemical potential.
The first term of the anomaly-induced current is perpendicular to the applied
electric field without external magnetic field, known as the anomalous Hall effect
[113, 114, 115, 116, 117, 77], while the second term is so-called the chiral magnetic ef-
fect, the current driven by external magnetic fields [118, 119, 120] The schematic illus-
trations are depicted in Fig.1.11. Although the anomalous Hall effect is well-known
phenomenon in ferromagnetic systems [121], the existence of the chiral magnetic
effect, especially in a static limit, was controversial. The controversy is the following.
The chiral magnetic effect predicts that an equilibrium current can be driven by static
magnetic field. Once current is driven, we can extract energy from the system, while
a static magnetic field cannot do any work. Therefore, the existence of the chiral
magnetic effect violates the energy conservation. Later, it was pointed out that the
static chiral magnetic effect is the artifact of linearizing dispersion without energy
cutoff, and vanishes in lattice systems [122]. This teaches us a lesson that we have
to be careful on results obtained from the linearized model. Because of this, we
perform both analytical and numerical calculation with the lattice model to examine
our results in this thesis.
According to Eq.(1.27), the electric charge is also modified by the chiral anomaly.
In magnetically dopedWeyl semimetals, magnetization of local moments is happens
to act as the chiral vector potentials. Therefore, Eq.(1.27) predicts that additional
electric charge emerges when the magnetization is parallel to the applied field while
it disappears when the magnetization is antiparallel. Namely, electronic degrees
of freedom can be manipulated by magnetic means. However, it is not clear if we
can expect the inverse effect. To be more specific, can we control magnetization by
changing charge density of the system? This is the main question which we discuss
in this thesis.
1.2.4 Spintronics application - Topological insulator to Weyl
semimetal
Let us briefly comment on possible advantage of Weyl semimetals over topological
insulators in spintronics. Firstly, it is proposed that, in the Weyl semimetal phase
realized in CoSi, spin and momentum are parallel to each other, s ∝ k, as shown
in Fig.1.12. Namely, there is the spin-momentum locking in the Weyl semimetals,
and effects related to the Rashba-Edelstein effect can be expected. Secondly, the
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Fig. 1.12 (a) Band structure of CoSi obtained by the first principle calculation,
showing the existence of Weyl nodes. (b) Calculated spin polarization on the
isoenergy surface around Weyl points. It is shown that the spin is parallel to the
momentum. All figures are from Ref.[123]
Weyl semimetals possess the finite intrinsic anomalous Hall conductivity, leading
a direct coupling between magnetization and charge density. Therefore electric
manipulation of magnetization, which is proposed in a topological insulator, can
be also expected in the Weyl semimetals. Although both systems share the most of
novel properties, Weyl semimetals have these properties in a three-dimensional bulk
unlike a two-dimensional surface of topological insulators. Accordingly, there might
be a possibility to have new physics emerging from the difference in dimensionality
in Weyl semimetals.
1.3 Aims and outlines of the thesis
The main purpose of this thesis is to propose a new spintronics application of the
Weyl semimetals.
In the first part, we study spin torques induced by an electric potential and electric
fields in the magnetically doped Weyl semimetals. There are several works exists on
the electricalmanipulation ofmagnetization in the interface of a topological insulator
and a ferromagnetic insulator, utilizing their topological properties. However, these
effects are usually smaller than bulk effects such as spin-transfer torque in ferro-
magnetic metal because the effects are confined in the two-dimensional interface in
ideal topological insulator whose bulk electronic structure is insulating. Even in the
case when the Fermi energy crosses bulk bands, contributions from the topological
surface states are usually buried in conventional bulk contributions. In contrast, the
Weyl semimetals exhibit a three-dimensional nontrivial band structure, so that much
lager effect can be expected, reflecting the bulk topology. This is the main motivation
of studying spin transport in the Weyl semimetals. However it is known that, in the
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topological materials, the transport properties are significantly affected depending
on the dimensionality and the symmetry of the system. For example, the chiral
anomaly is known to appear only in even space-time dimensions. This indicates
that the analysis on a surface of a topological insulator is not directly applicable to
the Weyl semimetals. Therefore the spin transport in the Weyl semimetal remains
unclear. The first purpose of this thesis is unveiling the spin transport properties in
the Weyl semimetal with various electric inputs. By using phenomenological, semi-
classical, and microscopic consideration, we calculate non-equilibrium spin density,
and clarify physical origins of spin torques. Importantly, we show that the so-called
charge-induced spin torque is generated by an applied electric voltage.
In the second part, we simulatemagnetic dynamics induced by an electric potential
in the Weyl semimetal. In most of previous works on spintronics, current-induced
dynamics has been mainly considered. However the energy dissipation from the
Joule heating is unavoidable, limiting the energy efficiency. We notice that the
magnetization can bemanipulated by the gate control due to the charge-induced spin
torque. Therefore, the second purpose of this thesis is to propose a magnetization
control without electric currents in the Weyl semimetals. We consider a trilayer
structure consisting of aWeyl semimetal, a insulator, and ametal, andmagnetization
dynamics is analyzed by solving the Landu-Lifshitz-Gilbert equation. We show that
charge degrees of freedom and magnetization are directly coupled and the coupling
plays an important role to determinemagnetization dynamics in theWeyl semimetal.
Finally, we summarize our results in this thesis and give conclusions in chapter 4.
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Chapter 2
Electrically-induced spin torques
in Weyl semimetals
In this chapter, we present phenomenological, microscopic and semiclassical deriva-
tion of voltage- and current- induced spin torques exerted on magnetization of local
moments in three-dimensional Dirac-Weyl metals. Firstly, we phenomenologically
derive a spin torque induced by the applied electric voltage, the charge-induced
spin torque, in generic anomalous Hall ferromagnet including the magnetic Weyl
semimetal. Secondary, we derive the current-induced spin torque by calculating the
non-equilibrium electron’s spin polarization based on the linear response theory and
the Boltzmann transport theory. Consequently, we determine all current-induced
spin torque including spin-orbit torque and spin-transfer torque in the magnetic
Weyl semimetals, up to first order with respect to spatial derivative of magnetization
and electric field. The microscopic and the semiclassical derivation for the charge-
induced spin torque are also presented. As a result of themicroscopic discussion, it is
shown that the charge-induced spin torque can be understood as the chiral magnetic
effect, while the spin-transfer torque is understood as the Hall effect under the axial
magnetic field. We discuss the relation between charge-induced spin torque and
the chiral anomaly based on the spin-axial current correspondence in the effective
low-energy model of Weyl semimetals.
Parts of contents in this chapter have been published in:
K. Nomura and D. Kurebayashi, Phys. Rev. Lett, 115, 127201 (2015).
2.1 Formalism
2.1.1 Effective continuum model
We consider a three-dimensional Weyl electrons coupled to the local moments of
magneticdopants. The low-energyelectronic structure isdescribedbyaHamiltonian,
HWSM =
∫
drψ†(r)
[
{vFτzσ · (−i∇ + eA(r, t)) − EF} − τz∆
+JSMˆ (r, t) · σ
]
ψ(r) + Vˆimp. (2.1)
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The first term describes a degenerating three-dimensional massless Dirac electrons
coupled to external electromagnetic fields, where vF is the Fermi velocity, σ =
(σx, σy, σz) are Pauli matrices representing real spin operators, and τz = ±1 labels
the chirality of two Weyl nodes. Note that, in strongly spin-orbit coupled systems
such as Dirac andWeyl semimetals, spin and orbit degrees of freedom are hybridized
and σ does not usually represent the real-spin degrees of freedom. However, there
are several materials theoretically proposed to possesses electronic and spin struc-
ture described by our model, Eq. (2.1) [123, 124]. The second and third terms
characterize the inversion- and the time-reversal-symmetry breaking of the system,
respectively. It is known that ∆ becomes finite in non-centrosymmetric materials.
Mˆ = (Mx,My,Mz) is a normalized directional vector of the magnetic moments, J
is the exchange coupling constant between conduction electrons and the local mo-
ments, and S is spin of localized magnetic moments. The last term is the coupling
to the random impurities giving a finite transport relaxation time. We consider non-
magnetic impurities, Vˆimp =
∫
drψ†(r)Vimp(r)ψ(r) whereVimp(r) =
∑
i u(r−Ri) with
short-range potential u(r) → u0δ(r). For impurity positions, we take a Gaussian
average as Vimp(r)Vimp(r′) = niu20δ(r − r′) where ni is the impurity’s concentration.
The Matsubara Green’s function of the Hamiltonian, Eq.(2.1), is given by
Gλ(iωn,k) = [iωn + EF + λ∆ − λvFk · σ − Σλ(iωn,k)]−1 (2.2)
where Σλ is the self energy induced by impurity scattering, and λ = ±1 are the
eigenvalues of τz labeling the chirality. Within the first Born approximation, the
transport relaxation time, τλ, is obtained as
1
τλ(ωn)
= Im Σλ = niu20
∑
q
Im Gλ(iωn, q) = piniu20Dλ(EF)sgn(ωn) (2.3)
whereDλ(EF) is the density of states at the Fermi energy for a node with the chirality
λ. In the following, we assume that the relaxation time is independent of the chiral-
ity, 1/τ ≡ 1/τ+ = 1/τ−, and 1/τ << EF corresponding to a weak impurity scattering
regime. Without impurities, Vˆimp = 0, the band structure of the Hamiltonian com-
posed of the two Weyl nodes with separations in momentum space and energy by
2JSMˆ/vF and 2∆, respectively.
The low-energy Hamiltonian, Eq.(2.1), possesses a correspondence between the
axial velocity operators and the spin operators, i.e.
v5 = τz
∂HWSM
∂k
= vFψ†σψ. (2.4)
This suggests that the spin operators and the axial current operators are identical
except for a constant factor[125]
j5 = −ev5 = −evFψ†σψ. (2.5)
The electron spins couple to the magnetization of local moments by the exchange
interaction as −M · σ, while the axial currents couple to the axial vector potential as
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−A5 ·j5whereA5 is the axial vector potential. Due to the correspondence between the
spin operators and the axial current operators, magnetization of local moments and
the axial vector potentials couple to electrons in the same way, namely the electrons
cannot distinguish the perturbations.
2.1.2 Lattice model
We introduce a generic lattice model describing various topological phases including
Weyl semimetals. We consider the four band Dirac Hamiltonian composed of the
highest valence band and the lowest conduction band with two-fold degeneracy in
the presence of the time-reversal symmetry. The effective Hamiltonian on the cubic
lattice is give as H =
∑
k c†kH(k)ck where ck =
[
ck↑−, ck↓−, ck↑+, ck↓+
]T is an electron
creation operator with the wave vector k, ± and ↑, ↓ denote the parity and the spin,
respectively. The Hamiltonian in k-space is defined by
H(k) = t
3∑
i=1
sin(ki)αi +
m0 + r 3∑
i=1
{1 − cos(ki)}
α4 + JSM ·Σ (2.6)
where
αi =
[
0 σi
σi 0
]
, α4 =
[
I 0
0 −I
]
, Σi =
[
σi 0
0 σi
]
(2.7)
with the Pauli matrices, σi, and 2 × 2 unit matrix I , and m0 corresponds to the
band gap at the Gamma point. The exchange interaction between electrons and
the localized moments is introduced in the last term which breaks time-reversal
symmetry. The Weyl semimetal phase appears when the exchange energy overcome
the band gap at the Gamma point, |m0| < |JS|. The Weyl nodes split in the same
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Fig. 2.1 The energy eigenvalues of the lattice model Eq. (2.6) along kz (a) without
and (b) with magnetic field. The parameters are chosen as t = r = 1, m0 = 0, and
JS = 1.
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direction with magnetization, and appear at the momentum satisfying the condition,
(JS)2 = [m0 + r
∑
i(1 − cos(ki)]2 +
∑
i sin(ki)2. In this study, we focus on massless
case, m0 = 0, to ensure the presence of the Weyl semimetal phase even with small
magnetization. The typical band structure of the Weyl semimetal phase is shown in
Fig. 2.6 (a).
In the presence of an uniform magnetic field, the lattice Hamiltonian, Eq. (2.6) is
replaced by
H =
∑
i=x,y,z
(
T j + T†j
)
+
∑
R
c†R [(m0 + 3r)α4 + JSM ·Σ] cR (2.8)
where the magnetic translational operators are given as
T j =
∑
i=x,y,z
∑
R
c†R+ei (−itαi + rα4) eiAi(R)cR. (2.9)
Here we switch to the real space representation with the creation operators cR of
the Wannier states centered at R. The orbital effect of the external magnetic field
is introduced by the Peierls phase A(R). Reflecting the chiral nature of the Weyl
electrons, the Landau levels of the Weyl semimetals form the one-dimensional chiral
channels shown in Fig. 2.1 (b).
2.1.3 Spin torque mediated by conduction electrons
Magnetization dynamics is described by the famous Landau-Lifshitz-Gilbert equa-
tion [126, 127] as
dMˆ
dt
= γ0B × Mˆ + α0Mˆ × dMˆdt + Te, (2.10)
where γ0 is the gyromagnetic ratio, B is an external magnetic field, and α0 is the
damping constant. When local moments are placed in a metal, conduction electrons
exert spin torque on the local moments. The effect of the background of conduction
electrons is described as
Te(r) = JSMˆ × 〈σˆ(r)〉 (2.11)
where 〈σˆ(r)〉 is a non-equilibrium spin polarization of conduction electrons [128].
Therefore, the spin torques can be obtained by calculating the spin expectation value,
〈σˆ(r)〉. The spin density can be expanded as
〈σˆ(r)〉 = a0 dMˆdt + b0Mˆ ×
dMˆ
dt
+ (a ·∇)Mˆ + Mˆ × (b ·∇)Mˆ
(2.12)
in the first order of time derivative and spatial gradient. The first two terms
renormalize the Gilbert damping and the magnitude of spin, respectively. The
last two terms are spin torques induced by external electric currents, known as
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the spin-transfer torques. In the case of conventional Schro¨dinger-like electrons,
the spin-transfer torque is proportional to a spin current jS, described by TSTT ∝
(jS ·∇)Mˆ +Mˆ × (jS ·∇)Mˆ [129]. In strong spin-orbit coupled systems, other types of
current-induced spin torques are expected. For example, in two-dimensional Rashba
systems or surface of the three-dimensional topological insulators, spin-orbit torque
is expected due to spin-momentum locking, TSO ∝ zˆ×j where zˆ is the normal vector
perpendicular to the surface and j is an electric current [130, 131].
2.2 Charge-induced spin torque in anomalous Hall
ferromagnets
In this section, we phenomenologically derive the spin torque induced by the mod-
ulation of the chemical potential. We consider ferromagnetic metals with the finite
anomalousHall conductivity, the anomalousHall ferromagnet. After giving ageneric
derivation of the charge-induced spin torque for the anomalous Hall ferromagnets,
we consider the ferromagnetic Weyl semimetal as an example of the anomalous Hall
ferromagnets to understand the origin of the charge-induced spin torque.
2.2.1 Phenomenological derivation
Let us start with general off-diagonal conductivity tensor in the isotropic ferromagnet
with strong spin-orbit coupling,
σi j = ϵi jk
(
σ0Bˆk + σAHEMˆk
)
, (2.13)
where Bˆk and Mˆk are k-component of the normalized directional vector of the mag-
netic field and the magnetization, respectively, and σ0 and σAHE are the magnitude
of the ordinary Hall conductivity and the anomalous Hall conductivity. In the van-
ishing magnetic field, the Hall conductivity is given only by the anomalous Hall
contribution. Note that we ignore the disorder effect and only consider the intrinsic
contribution in zero temperature. It is known that, in the strong spin-orbit coupled
system without time-reversal symmetry, the intrinsic contribution of the anomalous
Hall conductivity becomes finite. On the other hand, the Stre˘da formula is known to
describe the relation between the intrinsic Hall conductivity and the charge density
under the uniform magnetic field:
σi j = −eϵi jk ∂n∂Bk (2.14)
where e is the electron charge and n is charge density induced by the appliedmagnetic
field.
By equating Eq. (2.13) and Eq. (2.14), and integrating by the magnetic field, we
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obtain the relation between the electron density and the magnetization,
nind = −1e
(
σ0Bˆ + σAHEMˆ
)
·B (2.15)
= −σAHE
e
Mˆ ·B. (2.16)
Since we focus on the linear response in applied magnetic field, we neglect the first
term, the ordinary Hall contribution which is the second order of the magnetic field.
Strictly speaking, the anomalous Hall conductivity is globally defined, whereas Eq.
(2.16) is the local relationship. However, when the magnetization and the magnetic
field vary slow enough in space and time compare to electron mean free path, it is
natural to assume them to be locally uniform. In the following, σAHE denotes the
anomalous Hall conductivity under uniform magnetic configuration.
Equation (2.16) indicates that the charge density changes depending on the relative
angle between the magnetization and the applied magnetic field. In the thermody-
namics potential, the charge density is the conjugate valuable of the chemical poten-
tial, meaning these two couple as Ω = − ∫ dxδµFnind. By substituting Eq. (2.16) into
the thermodynamic potential, we obtain coupling energy between themagnetization
and the chemical potentials as
ΩCS =
∫
d3r
σAHE
e
δµF(r)Mˆ (r) ·B (2.17)
where δµF(r) is a local modulation of the chemical potential. In contrast to the usual
system where magnetic degrees of freedom do not directly couple to the electronic
degrees of freedom, a strong correlation between themagnetization and the chemical
potential is induced in the anomalous Hall ferromagnets because of the charge-
magnetization coupling, Eq. (2.16). Therefore, magnetization might be controlled
by the chemical potential modulation by the gate control. The thermodynamics
potentials, Eq. (2.17), can be seen as the free energy for the magnetization. The
interaction energy between magnetization and the magnetic field is given by sum of
the Zeeman interaction and the charge-magnetization coupling
EM = −ρsgµB
∫
d3r
[
Mˆ (r) ·B − σAHE
egµB
δµF(r)Mˆ (r) ·B
]
, (2.18)
where ρs is the spin density, µB is the Bohr magneton, and g is the Lande factor.
Calculated by the Bloch equation as T = δEM/δB, there is additional spin torque
from the charge-magnetization coupling, described by
TCS = Mˆ × δΩCS
δMˆ
=
σAHE
ρse
δµF(r)Mˆ ×B, (2.19)
in addition to the Zeeman torque, TZeeman = −gµB ˆM ×B. As a result, we find that
the spin torque can be exerted by the modulation of the chemical potential under the
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Fig. 2.2 The Landau level structure of Weyl semimetals for (a)Mz < 0, (b)Mz = 0,
andMz > 0.
magnetic field in the anomalous Hall ferromagnets. We call the derived spin torque
as the Charge-induced spin torque. Comparing the coefficients of these two terms,
the charge-induced spin torque exceed the Zeeman torque and the magnetization
direction can be switched by the gate control when the chemical potential shift
exceeds the threshold,
δµF >
gµBρse
σAHE
. (2.20)
The charge-induced spin torque suggests that the magnetization can be controlled
by the charge modulation, whereas the charge-magnetization coupling, Eq. (2.16),
states that the charge density is determined by the magnetic configuration. Namely,
these two effect can be seen as the inverse effect of each other.
2.2.2 Charge-induced spin torque in Weyl semimetal
Discussion given in the previous subsection was based on the charge-magnetization
coupling, Eq. (2.16). In the following, we argue the origin of the induced-charge
by the magnetization in the ferromagnetic Weyl semimetal, an exapmple of the
anomalous Hall ferromagnet, and discuss the charge-induced spin torque.
Let us start with the Weyl Hamiltonian, Eq. (2.1), in a uniform magnetic field
applied to the z direction. As an usual manner, the Hamiltonian in the magnetic field
is given by
HWSM = τzvF
(
kz + τz
JS
vF
Mz
)
σz + τzvF
(
pixσx + piyσy
)
(2.21)
= τzvF
kz + τz JSvFMz √2eBza√2eBza† −kz − τz JSvFMz
 (2.22)
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where
a =
√
1/eBZ(pix − piy), (2.23)
pii = −i∇i + eAi + τz(JS/vF)Mi (2.24)
are the ladder operators, and the canonical momenta, respectively.[107]. The zeroth
Landau level states are obtained by the spinor (0, |0〉)T with the eigenvalues,
Eλ0 (kz) = −λvFkz − JSMz, (2.25)
where |n〉 are the eigenstates of the number operator a†a, and λ = ±1 labels the
chirality. The higher Landau levels can be obtained by applying the ladder operators,
a and a†, to the zeroth Landau level states, and the eigenvalues are given by
Eλn(kz) = −vFsgn(n)
√(
kz + λ
JSMz
vF
)2
+ 2eBz|n| (2.26)
where n = ±1,±2, · · · are the Landau indices. Typical situations of the Landau levels
are shown in Fig. 2.2 (a)Mz < 0 (antiparallel toB), (b)Mz = 0 (perpendicular toB),
and (c) Mz > 0 (parallel to B). As shown in Fig. 2.2, the zeroth Landau level is gap
traversing modes, while the other Landau levels have the Landau gap. By changing
the sign of the magnetization, the Landu levels exchange the chirality along the kz
axis. Importantly, the zeroth Landau levels shifts downward while exchanging the
chirality, resulting change in the charge density when the chemical potential is fixed.
To quantitatively evaluate the induced charge density, we calculate difference in the
charge density withMz = 0 andMz , 0 as
nind = n(M ) − n(0) = gLLρ1DF ∆E =
eJS
2pi2vF
MzBz, (2.27)
where n(M ) is charge density with magnetization M , gLL = e|B|/2pi is the zeroth
Landau level degeneracy, ρ1DF is the density of the states of one-dimensional linear
dispersion, and ∆E = JSMz is the energy shift by the exchange interaction. The
amplitude of the anomalous Hall conductivity is given by the separation between
Weyl nodes with opposite chirality as
σAHE = − e
2
2pih
∆k = − e
2 JS
2pi2vF
(2.28)
where the separation is given by∆k = 2JS/v f . By combining Eq. (2.27) and Eq. (2.28),
we finally obtain the charge-magnetization coupling,
nind = −σAHEe M ·B, (2.29)
which is consistent with the phenomenological result, Eq. (2.16).
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Fig. 2.3 The induced charge density (the lower panel) calculated with the lattice
Hamiltonian under domain wall magnetization configuration (the upper panel).
The parameters are chosen as EF = 0.0 eV, t = -0.248 eV, r = 0.414 eV, J =0.2 eV,
Mˆ = zˆ, Bˆ = B0zˆ, and B0 = φ0/32 where φ0 is the magnetic flux quantum.
2.2.3 Numerical results
In the above discussion, we consider the continuummodel where the energy disper-
sion is linearized and each chirality is completely separated. It is, however, not clear
whether the analysis with the continuum model is applicable to realistic materials
where the energy-momentum cutoff is naturally introduced and the chirality is no
longer a good quantum number. For example, the chiral magnetic effect is known
to be zero in the lattice calculation [122]. Accordingly, we also conduct numerical
calculations with the lattice model to see whether the effect survives in the realistic
system, and examine the charge-magnetization coupling, Eq. (2.16).
We numerically diagonalize the lattice Hamiltonian, Eq. (2.8), and calculate the
induced charge density, nind = n(M ) − n(0), where n(M ) = ∑ϵi<EF〈c†i ci〉|M is charge
density with the magnetizationM . The calculation has performed under the mag-
netic domain wall, M (z) = M0 tanh(z/λ)zˆ (shown in Fig. 2.3), where M0 is the
magnitude of the magnetization and λ is the width of the domain wall. A typical
parameters for Bi2Se3 determined to fit ab initio calculations are chosen.[40, 41] The
external magnetic field is taken to be uniform and pointing in the +z direction with
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Fig. 2.4 (b) and (d) is the magnetization angle dependence of the total energy
below all states the Fermi energy under the electric voltage configuration (a) and
(c). The parameters are chosen as EF = 0.0 eV, eφ = 0.1 eV, t = -0.248 eV, r = 0.414
eV, J =0.2 eV, Mˆ = zˆ, Bˆ = B0zˆ, and B0 = φ0/32 where φ0 is the magnetic flux
quantum.
the Landau gauge, A(r) = (0,B0x, 0). The numerical results in Fig.2.3 shows the
charge density is spatially modulated following the magnetic configuration. The
charge density changes its sign whenMz changes the sign. This clearly indicates that
the induced charge density is proportional to the local value of z component of the
magnetization as expected from Eq. (2.16). Therefore, we conclude that the charge-
magnetization coupling is not just the artifact of the continuum model, but actually
expected in lattice systems. Moreover, the result shows that the phenomenon sur-
vices when the magnetization varies in atomic scale, even though we first assumed
that the spatial modulation is slow.
Next let us examine the charge-induced spin torque on the lattice. We compare the
total energy under the various configuration of magnetization and the gate voltage
to determine the optimal magnetization direction. As a gate voltage, we introduce
spatially dependent electric voltage, φ(z) = −φ0 tanh(z/λ) depicted in Fig. 2.4 (a)
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eφ0 = −0.2 eV and (c) φ0 = 0.2 eV, while magnetic configuration is given as
Mˆ (z) =
Mˆz (z < 0)Mˆz cosθ + Mˆx sinθ (z > 0) . (2.30)
Wenumerically calculate the total energyof all states below theFermi energy,Etot(θ) =∑
ε<EF ε(θ), as a function of the angleθ. The results are shown in Fig. 2.4 (b) eφ0 = −0.2
eV and (d) eφ0 = 0.2 eV. In the Fig. 2.4 (b), the total energy decreases as the angle
increases, and takes the minimal value at θ = pi, indicating that antiparallel magnetic
configuration is preferable to lower the total energy. On the other hand, in the
Fig. 2.4 (d), the result shows opposite behavior suggesting the optimal angle is
θ = 0. These results are consistent with the analytical result Eq.(2.17) which an
antiparallel configuration of the magnetization and the magnetic field minimize the
thermodynamic potentials with a negative bias voltage. The charge-induced spin
torque is understood as a transient phenomenon to minimize energy, therefore these
numerical results suggest that charge-induced spin torque can be expected on the
lattice.
To summarize this section, we derive the thermodynamics potential describing
coupling between the charge density and the magnetization in three-dimensional
anomalous Hall ferromagnet. Based on the proposed thermodynamics potential, we
derive the spin torque induced by the chemical potential modulation, named the
charge-induced spin torque, and find that the magnetization can be controlled by the
gate voltage. To understand the physical origin of the phenomena, we analyze the
ferromagneticWeyl semimetal as an example of the anomalousHall ferromagnet. As
a result, we find that the charge density in the zeroth Landau levels are responsible
for the charge-induced spin torque. Since proposed spin torque does not accompany
constant current flow to controlmagnetization, in contrast to the spin-transfer torque,
the charge-induced spin torque may have great advantage in application to low-
energy-consumption spintronics devices.
2.3 Linear response theory
In this section, we presentmicroscopic derivation of electrically induced spin torques
in Weyl semimetals by using the linear response theory. We first derive analytic
expressions of the current-induced spin torques, the spin-orbit torque and the spin-
transfer torque. Then we revisit the charge-induced spin torque, and discuss it from
the microscopic point of view.
2.3.1 Current-induced spin torques
To study current-induced spin torques, we derive the non-equilibrium spin po-
larization induced by electric currents. We consider small transverse fluctuation,
δM = (δMx, δMy, 0), ‖δM‖ << 1 where the saturation magnetization axis is taken in
z-axis, in the presence of the static electric fields. Electrons couple to an electric field
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by
H′ =
∫
drj(r) ·A(r) (2.31)
where j(r) = ψ†(r)jˆψ(r) is a current operator. The conduction electron’s spin density
induced by a static electric field is calculated, within linear response theory, as
〈σα(q)〉 = χiα(q)Ei,
χiα(q) = lim
Ω→0
Kiα(q,Ω+ i0) − Kiα(q, 0)
iΩ
(2.32)
where Ω is a frequency of the external electric field, and
Kiα(q,Ω) = i
∫ ∞
0
dteiΩt〈[σα(q, t), ji]〉 (2.33)
is a dynamical correlation function between the electron spin and the electric currents.
Since an uniform electric field is considered, the wave vector q comes only from the
magnetization fluctuations. Assuming that spatial modulation of the magnetization
is sufficiently slow compare to electron’s mean free path, we expand the response
function with respect to q and δM up to a linear order as
Kiα(q,Ω) ≈ Kiα(Ω) + 2Ki jαβ(Ω)q jδMβ, (2.34)
where indices α, β = 1, 2 denote direction in spin space and i, j = 1 ∼ 3 denote
direction in momentum space. The first term is an uniform part of the spin torque
corresponding to the spin-orbit torque, while the second term appears when the
magnetization is spatial dependent, corresponding to the spin-transfer torque.
2.3.1.1 Evaluation of spin-orbit torque
The detail calculation for the spin-orbit torque is presented in the following. The
Feynman diagram corresponding to the spin-orbit torque is shown in Fig.2.5 (a), and
the response function can be evaluated by
Kiα(iΩm) = kBTe
∑
n,k,λ
Tr
[
σαGλ(iωn,k)vi,λGλ(iωn + iΩm,k)
]
, (2.35)
where vλ = δHWSM/δk = λvFσ is velocity operators of electrons with the chirality λ.
The Green’s function can be decomposed as following
Gλ(iωn,k) = Dλ(iωn,k)
(
g0λ + λvFk · σ) , (2.36)
where
Dλ(iωn,k) ≡
[
(iωn + EF + λ∆ − Σλ(iωn,k))2 − v2Fk2
]−1
, (2.37)
g0λ(iωn,k) ≡ iωn + EF + λ∆ − Σλ(iωn,k). (2.38)
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Fig. 2.5 Feynman diagrams for the current-induced spin torques, (a) the spin-
transfer torque and (b) the spin-orbit torque.
Within this notation, the response function can be written as
Kiα(iΩm) = kBTevF
∑
n,k,λ
λDλ(iωn + iΩm,k)Dλ(iωn,k)
×Tr
[
σαg0λ(iωn + iΩm,k)σig0λ(iωn,k) + v2Fkµkνσασµσiσν
]
(2.39)
= kBTevF
∑
n,k,λ
λDλ(iωn + iΩm,k)Dλ(iωn,k)
×
{
g0λ(iωn + iΩm,k)g0λ(iωn,k)Tr [σασi] + v2F
k2
3
δµνTr
[
σασµσiσν
]}
.(2.40)
The dummy indices, µ, ν, ρ and γ, run over 1 ∼ 3 and summed in all the values of the
indices. Here we have used the relation kµkν = k
2
3 δµν under symmetrical integration.
By defining the Green’s function projected onto conduction and valence band as
gλ,±(iωn) ≡ [iωn + EF + λ∆ ∓ vFk + iηsgn(ωn)]−1 (2.41)
and using the following relations,
Dλ(iωn,k)g0λ(iωn,k) =
1
2
[
gλ,+(iωn) + gλ,−(iωn)
]
, (2.42)
Dλ(iωn,k)vFk =
1
2
[
gλ,+(iωn) − gλ,−(iωn)] , (2.43)
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the expression can be further simplified as
Kiα(iΩm) = kBTevFδαi
∑
n,k,λ
λ
[1
3
{
gλ,+(iωn)gλ,+(iωn + iΩm) + gλ,−(iωn)gλ,−(iωn + iΩm)
}
+
2
3
{
gλ,+(iωn)gλ,−(iωn + iΩm) + gλ,−(iωn)gλ,+(iωn + iΩm)
}]
. (2.44)
The Matsubara summation is performed in the following.
kBT
∑
n
gλ,±(iωn)gλ,±(iωn + iΩm)
=
i
2pi
∫
dϵ f (ϵ)
[{
gRλ,±(ϵ) − gAλ,±(ϵ)
}
gRλ,±(ϵ +Ω) + g
A
λ,±(ϵ −Ω)
{
gRλ,±(ϵ) − gAλ,±(ϵ)
}]
=
i
2pi
∫
dϵ
[{
f (ϵ +Ω) − f (ϵ)} gRλ,±(ϵ +Ω)gAλ,±(ϵ) + f (ϵ) {gRλ,±(ϵ)gRλ,±(ϵ +Ω) − gAλ,±(ϵ −Ω)gAλ,±(ϵ)}]
≈ i
2pi
∫
dϵ f (ϵ)
[
(gRλ,±)
2 − (gAλ,±)2
]
+
iΩ
2pi
∫
dϵ
[
f ′(ϵ)gRλ,±g
A
λ,± − f (ϵ)
{
(gRλ,±)
3 + gRλ,±)
3
}]
+ O(Ω2)
=
i
2pi
∫
dϵ f ′(ϵ)
(
gRλ,± − gAλ,±
)
+
iΩ
2pi
∫
dϵ f ′(ϵ)
[
gRλ,±g
A
λ,± −
1
2
{
(gRλ,±)
2 + (gAλ,±)
2
}]
= − i
2pi
(
gRλ,± − gAλ,±
)
− iΩ
4pi
(
gRλ,± − gAλ,±
)2
(2.45)
kBT
∑
n
gλ,±(iωn)gλ,∓(iωn + iΩm)
=
i
2pi
∫
dϵ f (ϵ)
[{
gRλ,±(ϵ) − gAλ,±(ϵ)
}
gRλ,∓(ϵ +Ω) + gλ,±(ϵ −Ω)
{
gRλ,∓(ϵ) − gAλ,∓(ϵ)
}]
≈ i
2pi
∫
dϵ f (ϵ)
(
gRλ,±g
R
λ,∓ − gAλ,±gAλ,∓
)
+
iΩ
2pi
∫
dϵ
[
f ′(ϵ)gRλ,∓g
A
λ,± − f (ϵ)
{
gRλ,±(g
R
λ,∓)
2 + (gAλ,±)
2gAλ,∓
}]
(2.46)
kBT
∑
n
[
gλ,+(iωn)gλ,−(iωn + iΩm) + gλ,−(iωn)gλ,+(iωn + iΩm)
]
=
i
pi
∫
dϵ f (ϵ)
(
gRλ,+g
R
λ,− − gAλ,+gAλ,−
)
+
iΩ
2pi
∫
dϵ
[
f ′(ϵ)gRλ,+g
A
λ,− − f (ϵ)gRλ,+gRλ,−
(
gRλ,+ + g
R
λ,−
)
+ c.c
]
= O(Ω0) + iΩ
2pi
∫
dϵ f ′(ϵ)
[
gRλ,+g
A
λ,− − gRλ,+gRλ,− + c.c
]
= O(Ω0) − iΩ
2pi
∫
dϵ f ′(ϵ)
(
gRλ,+ − gAλ,+
) (
gRλ,− − gAλ,−
)
= O(Ω0) + iΩ
2pi
(
gRλ,+ − gAλ,+
) (
gRλ,− − gAλ,−
)
(2.47)
where gR,(A)λ,± ≡ gR,(A)λ,± (ϵ), f (ϵ) is the Fermi-Dirac distribution function, and we take
analytical continuation, iΩm → Ω. We have also employed the relation ddϵ gR,(A)λ,± =
Chapter 2 Electrically-induced spin torques in Weyl semimetals 41
−(gR,(A)λ,± )2, and consider the zero temperature, namely f (ϵ) = −δ(ϵ). In the weak
scattering regime where 1/τ << EF, the Green’s functions can be expanded as
gRλ,± − gAλ,± = −2piiδ(EF + λ∆ ∓ vFk), (2.48)
and momentum integrals are performed as∑
k,λ
(2.45) =
∑
λ
λ
∫
dk3
(2pi)3
iΩ
4pi
[(
gRλ,+ − gAλ,+
)2
+
(
gRλ,− − gAλ,−
)2]
≈ − Ω
4pi2v3F
∑
λ
λ
∫
dξξ2
[
δ(EF + λ∆ − ξ)
( 1
EF + λ∆ − ξ + i/τ −
1
EF + λ∆ − ξ − i/τ
)
+δ(EF + λ∆ + ξ)
( 1
EF + λ∆ + ξ + i/τ
− 1
EF + λ∆ + ξ − i/τ
)]
=
iΩ
2pi2v3F
∑
λ
λ
(EF + λ∆)2
1/τ
= iΩ
2EF∆
pi2v3F
τ, (2.49)
∑
k,λ
(2.47) =
∑
λ
λ
∫
dk3
(2pi)3
iΩ
2pi
(
gRλ,+ − gAλ,+
) (
gRλ,− − gAλ,−
)
≈ Ω
2pi2v3F
∑
λ
λ
∫
dξξ2
i
2pi
(
−2piiδ(EF + λ∆ − ξ) − i/τ(EF + λ∆ − ξ)2 + 1/τ2
)
×
(
−2piiδ(EF + λ∆ + ξ) − i/τ(EF + λ∆ + ξ)2 + 1/τ2
)
= − iΩ
2pi2v3F
∑
λ
λ
∫
dξξ2
[
δ(EF + λ∆ − ξ) 1/τ(EF + λ∆ + ξ)2
+δ(EF + λ∆ + ξ)
1/τ
(EF + λ∆ − ξ)2
]
= − iΩ
2pi2v3F
∑
λ
λ
1
4τ
= 0 (2.50)
where we have simply dropped O(Ω0) terms because they are cancelled by the def-
inition of the spin susceptibility, Eq.(2.32). By substituting these result for Eq.(2.44),
the leading order of the spin response function associated with the spin-orbit torque
is obtained as
Kiα(Ω) = iδαiΩ
2eEF∆
3pi2v2F
τ, (2.51)
and the spin density induced by the applied electric fields is given by
〈σ〉 = χSOTE, (2.52)
χSOT ≡ 2eEF∆τ
3pi2v2F
. (2.53)
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The associated spin torque is, therefore, obtained as
Te(r) = JSχSOTMˆ ×E = 2eJSEF∆τ
3pi2v2F
Mˆ ×E. (2.54)
2.3.1.2 Evaluation of spin-transfer torque
In the following, we evaluate the spin-transfer torque. The Feynman diagram for the
response function corresponding the spin-transfer torque is shown in Fig.2.5 (b), and
evaluated as
Ki jαβ(iΩm) = kBTeJS
∑
n,k,λ
Tr
[
σαGλ(iωn,k)vλ, jGλ(iωn,k)σβGλ(iωn,k)vλ,iGλ(iωn + iΩm,k)
−σαGλ(iωn − iΩm,k)vλ,iGλ(iωn,k)σβGλ(iωn,k)vλ, jGλ(iωn,k)
]
.
(2.55)
With use of the projected Green’s function Eq(2.41), the first term of Eq.(2.55) is
evaluated as
Ki jαβ(iΩm) = kBTeJSv
2
F
∑
n,k,λ
Dλ(iωn + iΩm,k)Dλ(iωn,k)3
{
g0λ(iωn,k)3g0λ(iωn +Ωm,k)Tr
[
σασ jσβσi
]
+δµν
(vFk)2
3
g0λ(iωn,k)2
(
Tr
[
σασ jσβσµσiσν
]
+ Tr
[
σασ jσµσβσiσν
]
+ Tr
[
σασµσ jσβσiσν
])
+δµν
(vFk)2
3
g0λ(iωn,k)g0λ(iωn + iΩm,k)
×
(
Tr
[
σασ jσµσβσνσi
]
+ Tr
[
σασµσ jσβσνσi
]
+ Tr
[
σασµσ jσνσβσi
])
+v4F
k2k2
15
(
δµνδργ + δµρδνγ + δµγδνρ
)
Tr
[
σασµσ jσνσβσρσiσγ
]}
.
The dummy indices, µ, ν, ρ and γ, run over 1 ∼ 3 and summed in all the values of the
indices. The second term can be evaluated in similar way, just exchanging i↔ j and
replacing Ωm → −Ωm.
The equations are cumbersome, however trace summation of the Pauli matrices
always appear in even numbers. This restricts the response function to being pro-
portional to pairs of Kronecker’s deltas with all possible combination of indices,
Ki jαβ = Aδαβδi j + Bδαiδβ j + Cδα jδβi (2.56)
where A,B,C are constants of proportionality. By substituting this into Eq.(2.32) and
(2.34), the spin density associated with the electric field and magnetic textures is
〈σ〉 = A(E ·∇)δM + BE(∇ · δM ) + C∇(E · δM ). (2.57)
Constants of proportionality, A,B,C, will be evaluated by the Boltzmann transport
theory in the next section.
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?
Fig. 2.6 Feynman diagrams for the charge-induced spin torque.
2.3.2 Charge-induced spin torque
In this subsection, we microscopically derive the charge-induced spin torque. The
charge-induced spin torque is described as a spin response to the external electric
voltage and magnetic fields. Coupling to external fields is introduced by
H′ =
∫
drj(r) ·A(r) (2.58)
H′′ = e
∫
drψ†(r)φ(r)ψ(r) (2.59)
where j(r) = ψ†(r)jˆψ(r) and φ(r) is an electric potential. Up to linear order in both
the electric scalar potential, φ, and the vector potentialA, the electron’s spin density
is obtained by
〈σα(q)〉 = 2χiα(q)φAi(q) (2.60)
where α and i denote spin and velocity direction, respectively.
2.3.2.1 Evaluation of charge-induced spin torque
The response function of the spin polarization, χiα(q), is expressed in the Feynman
diagram, Fig.2.6, and is given by
χiα(q) = −e2vF
∑
ω,k,λ
{
Tr
[
σαGλ(ω,k − q)Gλ(ω,k ± q)vi,λGλ(ω,k ± q)]
+Tr
[
σαGλ(ω,k ± q)vi,λGλ(ω,k ± q)Gλ(ω,k + q)]} . (2.61)
According to the analytical expression obtained in Eq.(2.19) , the charge-induced
spin torque is an adiabatic spin torque, namely the leading order of the spin torque
is given in O(η0). So we focus on the dissipationless case, 1/τ = 0, in the following
calculation. We also assume that the Femi energy is located on the Weyl nodes,
EF = 0. Because we set 1/τ = 0, it is easier to introduce the Dirac’s Gamma matrices
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and express the Green’s function as
G(k) =
1
vFkiγi
(2.62)
where i = 1 ∼ 4, k = (k, ω/vF) is a four-momentum and the gamma matrices are
defined as
γi ≡ iτyσi (i = 1, 2, 3) (2.63)
γ4 ≡ −iτx (2.64)
satisfying the anticommutation relation,
{γi, γ j} = 2ηi j, (2.65)
with the Euclidean metric ηi j = diag(−1,−1,−1,−1).[107] In this notation, the inter-
action with the electromagnetic fields and the local moments are expressed as
HEM = −
∫
d3r evFAiψiγiψ (2.66)
Hexc = −
∫
d3r JSMˆ · ψiγγ5ψ (2.67)
whereAi = (A, φ/vF) for i = 1 ∼ 4, andψ ≡ ψ†(r)τx, ψ ≡ c(r), and γ5 ≡ γ1γ2γ3γ4 = τz,
thus the current and spin operators are given by
ji =
δHEM
δAi
= −ievFψiγiψ,
σi =
δHexc
δ(JSMi)
= −iψγiγ5ψ. (2.68)
Eq.(2.61) is also rewritten as
χiα(q) = i
e2
vF
∫
d4k
(2pi4)
Tr
[
γαγ5
̸k
k2
γ4
̸k
k2
γi
(̸k+ ̸q)
(k + q)2
+γαγ5
(̸k− ̸q)
(k − q)2γi
̸k
k2
γ4
̸k
k2
]
(2.69)
where the Feynman’s slash notation, ̸k = kiγi, is introduced to denote four-momenta.
The indices, the α = 1 ∼ 3 and i = 1 ∼ 4, indicate the spin and velocity direction,
respectively. The integral in Eq.(2.69) is divergent because the integrand is order of
O(k−3) whereas integration is over four-dimensional momentum-space. Therefore,
the proper regularization scheme has to be introduced to evaluate Eq. (2.69). In this
section, we employ the dimensional regularization. The basic idea of the dimensional
regularization is the following. We first perform an integral of an analytic function in
the space-time dimension dwhere the integral converges. Then, we take limit d→ 4
after obtaining the analytical expression in d-dimension. By expanding Eq. (2.69), in
terms of the incident momentum q, one can be obtained as
χiα(q) = i(e
2/vF)
(
Παi −Παi jq j
)
+ O(q2), (2.70)
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where
Παi =
∫
ddk
(2pi)d
kµkνkρ
k6
Tr
[
γαγ5γµγ4γνγiγρ
]
+ (i↔ 4) (2.71)
Παi j =
∫
ddk
(2pi)d
kµkνkρkλ
k8
Tr
[
γαγ5γµγ4γνγiγργ jγλ
]
− ( j↔ 4)
(2.72)
with dummy indices µ, ν, ρ, λ = 1 ∼ d. The contribution from the O(q0) term is
neglected, because the integrand is odd in four-momenta. O(q1) term, therefore,
becomes the leading order in incident momentum, which is evaluated as
Παi j =
1
d(d + 2)
∫
ddk
(2pi)d
1
k4
(
Tα4i j − Tα ji4
)
(2.73)
Ti jkl ≡ −
(
δµνδρλ + δµρδνλ + δνρδµλ
)
Tr
[
γ5γiγµγ jγνγkγργlγλ
]
where we have used
kµkνkρkλ =
k4
d(d + 2)
(
δµνδρλ + δµρδνλ + δνρδµλ
)
(2.74)
under the symmetrical integration. To evaluate the trace summation, we have to pay
attention to the commutation relation between γ5 and γµ because γ5 is essentially
defined in four-dimension. If we impose that all gamma matrices anticommute with
each other, γ5 anticommuteswithγµ forµ = 1 ∼ 4whereas commutewithγµ for other
µ. Keepnig the commutation relation in mind, the trace summation is evaluated as
Tα4i j = (d − 4)(d + 2)Tr
[
γ5γ4γαγiγ j
]
= −4(d − 4)(d + 2)ϵαi j, (2.75)
where ϵi jk is antisymmetric under any permutation of indexes. The momentum
integral in d-dimension is also performed as∫
ddk
(2pi)d
1
k4
= − 1
(4pi)d/2
Γ(2 − d2 )
Γ(2)
d→4
=
1
(4pi)2
( 1
d/2 − 2 − γ
)∣∣∣∣∣
d→4
(2.76)
where we have used the expansion of the Gamma function near the pole, Γ(x) ≈
1/x − γ, and γ ≈ 0.5772 is the Euler-Mascheroni constant. By substituting Eq.(2.75)
and (2.76) for Eq. (2.73), we obtain
Παi j = − 16(4pi2)ϵαi j
1
d(d + 2)
(d − 4)(d + 2) 1
d − 4
∣∣∣∣∣
d→4
= − 1
4pi2
ϵαi j. (2.77)
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As a result, we finally get the spin susceptibility of the charge-induced spin torque
as
χiα(q) = −i e
2
4pi2vF
ϵαi jq j, (2.78)
From Eq.(2.60), the spin density induced by the external fields is given as
〈σα(q)〉 = e
2
2pi2vF
φϵαi jiqiA j(q) =
e2
2pi2vF
φBα(q), (2.79)
where Bα(q) = ϵαi jiqiA j(q) is the external magnetic field. Therefore, the spin torque
associated with this process is expressed by
Te(r) =
e2 JS
2pi2vF
φMˆ ×B(r) = σAHEφMˆ ×B(r), (2.80)
where
σAHE =
e2SJ
2pi2vF
(2.81)
is the anomalous Hall conductivity of magnetic Weyl semimetals. By replacing the
electric potential with the shift in the chemical potential, φ → −δµF/e, Eq. (2.80) is
consistent with the result obtained phenomenologically.
2.3.2.2 Numerical results
In order to know the applicable range of the theory, we also conduct numerical cal-
culation on the lattice. We calculate the electron spin density below the Fermi energy,
〈σz〉(EF) = 〈c†σˆzc〉, by numerical diagonalization of the Hamiltonian. To measure
the response to external fields, we evaluate 〈∆σz〉(EF) ≡ 〈σz〉(EF)|Bz=B0 − 〈σz〉(EF)|Bz=0
which is shown in Fig.2.7 (a). When the Fermi energy is −0.2 [eV] <∼ EF <∼ 0.2 [eV],
the proportional relation between z component of the spin density and the Fermi
energy is clearly seen as we expected from our analysis with the continuum model,
Eq.(2.132), whereas the perpendicular component to the magnetic field is always
zero, independent of EF. Within this energy scale, the Landau levels shown in Fig.2.7
(b) behave as the Eq.(2.25), namely the linearized continuum model where the chi-
rality is a good quantum number describes the spectrum well. On the other hand,
when |EF| >∼ 0.2 [eV], the spin density deviates from EF-linear dependence. In this
regime, two Landau level branches with opposite chirality hybridize while they are
approaching kz = 0 point. In above derivations based on the continuum model, we
have neglected the hybridization of the chirality, therefore our theory, Eq.(2.79), is
unapplicable in this energy regime. Furthermore, in Fig.2.7 (c), the external mag-
netic flux dependence of the electron spin density is calculated, showing a linear
dependence which is consistent with the result obtained by the continuum model.
According to the numerical results, we conclude that the spin density response to
the applied electric voltage shown in Eq. (2.79) can be expected even in the lattice
system when the Fermi energy is located in the linear dispersion regime.
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Fig. 2.7 (a) Electron spin density calculated as a function of the Fermi energy.
(b) Landau level structure of the lattice Hamiltonian of the Weyl semimetal. The
zeroth landau levels are shown as a solid line, while non-zero Landu levels are
dashed lines. (c) Electron spin density calculated as a function of the external
magnetic field. The parameters are chosen as t = −0.248 eV, r = 0.414 eV, J = 0.2
eV, Mˆ = zˆ, Bˆ = B0zˆ, and B0 = φ0/128 where φ0 is the magnetic flux quantum.
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2.4 Boltzmann transport theory
In this section, wepresent semiclassical derivation of the current- and charge-induced
spin torques. As discussed in the previous section, there is the correspondence be-
tween the axial current and the spin density in our model. Based on the correspon-
dence, we derive the non-equilibrium spin density by calculating the axial current
density by the Boltzmann transport theory. Comparing with the linear response
theory which assumes that magnetization fluctuation from a ferromagnetic reference
states is small, the Boltzmann theory can approach beyond that regime. Namely,
the spin torques under magnetic textures such as domain walls and skyrmions can
be considered. This is main reason to employ the Boltzmann transport theory, even
though they provide the same results. As amain finding in this section, the analytical
expression of the spin transfer torque is presented.
The Boltzmann transport equation for the distribution function f is given as
∂ f
∂t
+ r˙ · ∂ f
∂r
+ k˙ · ∂ f
∂k
= − δ f
τ(ϵ(k))
(2.82)
in the relaxation time approximation. In this section, we consider uniform relaxation
time determined just by Fermi energy, τ(ϵ(k)) = τ(ϵF). We further assume that the
distribution function is close to equilibrium, and expand the distribution function
with the small derivation from equilibrium as f (r,k, t) = f0(r,k, t)+ δ f (r,k, t) where
the equilibrium distribution function f0 is given by the Fermi-Dirac distribution
function. By expanding the Eq.(2.82) in respect to the δ f , the linearized Boltzmann
equation is given as
∂δ f
∂t
+ r˙ ·
[
−∂ f0
∂ϵ
(
∂µ
∂r
)
+
∂δ f
∂r
]
+ k˙ ·
[
v
∂ f0
∂ϵ
+
∂δ f
∂k
]
= −δ f
τ
, (2.83)
where µ is the chemical potential, r and k are position and wave number of the
wave packets, respectively. Dynamics of r and k are determined by the semiclassical
equation of motion.
2.4.1 Semiclassical equation of motion with curvatures
In the following, we derive the semiclassical equation of motion for a wave packet
in the presence of the curvature in both real and momentum spaces. Given the real
space and momentum space vector potentials, A(r,k, t) and A(r,k, t), the general
action is written as[132, 133]
S =
∫
dtL[r,k, t] =
∫
dt
[
kir˙
i − eAi(r,k, t)r˙i +Ai(r,k, t)k˙i −H(r,k)
]
=
∫
dt
[
ωa(ξ)ξ˙a −H(ξ)
]
, (2.84)
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where ωa = (k − eA(ξ, t),A(ξ, t)). Imposing the minimal principle, δS = 0, we obtain
the Euler-Lagrange equation as
ωabξ˙
b = ∂aH(ξ) + ∂tωa,
ξ˙a = ωab [∂bH(ξ) + ∂tωb] (2.85)
where ωab = ∂aωb − ∂bωa is magnetic fields. The magnetic field tensor is explicitly
written as
(ωab) =
(−eϵi jkBk −δi j
δi j ϵi jkBk
)
, (ωab) =
1
1 + eB ·B
(
ϵi jkBk δi j + eBiB j
−δi j − eBiB j −eϵi jkBk
)
, (2.86)
where B and B are real and momentum space magnetic fields, respectively. The
magnetic fields in themomentum space is known as the Berry curvature. Combining
Eq.(2.85) and Eq.(2.86), we hereby obtain the equation of motion as
r˙ =
1
1 + eB ·B
[
∂ϵ
∂k
+ eB
(
B · ∂ϵ
∂k
)
+
∂ϵ
∂r
×B
]
, (2.87)
k˙ =
1
1 + eB ·B
[
− ∂ϵ
∂r
− eB
(
B · ∂ϵ
∂r
)
− ∂ϵ
∂k
×B
]
, (2.88)
wherewe neglected time dependence of the vector potentials. Note that the invariant
volume element in the presence of real and momentum space curvatures is given by
the cubic of the symplectic 2-form, namely
dV =
√
ω
dxd3k
(2pi)3
=
√
det ωab
dxd3k
(2pi)3
= (1 + eB ·B) d
xd3k
(2pi)3
≡ Dd
xd3k
(2pi)3
. (2.89)
Finally we can define current density by
j(r) = −e
∑
n
∫
d3k
(2pi)3
√
ω fn(r,k, t)r˙n
= −e
∑
n
∫
d3k
(2pi)3
fn(r,k, t)
[
∂ϵ
∂k
+ eB
(
Bn · ∂ϵ∂k
)
+
∂ϵ
∂r
×Bn
]
, (2.90)
where fn and Bn are the distribution function and the momentum space Berry cur-
vature of the nth band [132, 133].
2.4.2 Berry curvature and orbital magnetization of Weyl semimetal
To calculate the current density, let us derive the Berry curvature and the orbital mag-
netization of Weyl semimetals. The Berry curvature and the orbital magnetization
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are defined by
Bn =∇k ×An = −i 〈∇kun | × |∇kun〉
= i
∑
m,n
〈un |∇kH |um〉 × 〈um |∇kH |un〉
(ϵn − ϵm)2 ., (2.91)
mn = −i e2 〈∇kun | × [H(k) − ϵ(k)] |∇kun〉
= i
e
2
∑
m,n
〈un |∇kH |um〉 × 〈um |∇kH |un〉
ϵn − ϵm , (2.92)
where |un〉 is a periodic part of the Bloch function. The eigenvalues of the Weyl
Hamiltonian, Eq.(2.1), are given as
ελ± = ±vF|k˜λ| + λ∆ (2.93)
where k˜λ ≡ k − eAλ andAλ = λJSMˆ/evF. This relation indicates that magnetization
acts as vector potentials. As a consequence of the relation, theWeyl fermion with the
chirality λ feels magnetic fields,
Bλ = λ
JS
evF
∇ ×M . (2.94)
Namely, the rotation of the magnetization acts as the axial magnetic field, the mag-
netic field oppositely acting on the Weyl fermions with opposite chirality. The corre-
sponding eigenstates are obtained as
|+〉 = e−ψ/2
(
e−iφ/2 cos θ2
eiφ/2 sin θ2
)
, |−〉 = e−ψ/2
(
e−iφ/2 sin θ2−eiφ/2 cos θ2
)
, (2.95)
where θ and φ are defined by k˜λ = k˜λ(cosφ sinθ, sinφ sinθ, cosθ). By evaluating
matrix elements of σ, we obtain the Berry curvature and the orbital magnetization
for a conduction band as
Bλ = iv2F
〈+ |σ | −〉 × 〈− |σ |+〉
(vFk˜λ + vFk˜λ)2
= −λ
2
k˜λ
|k˜λ|3 , (2.96)
mλ = −evFλ2
k˜λ
|k˜λ|2 = eϵ˜λBλ. (2.97)
The effective energy for a wave packet [132] in Weyl semimetal is given by
ϵλ(k) = ϵ˜λ(k˜λ) −mλ(k) ·B = vF|k˜λ| + λevF k˜λ
2|k˜λ|2 ·B = ϵ˜λ(1 − eB ·Bλ). (2.98)
2.4.3 Spin torques
We evaluate the axial current density, which is coincides with the spin density in
our theoretical model, by solving Eq.(2.90). In the following, we consider the case
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that the Fermi energy is located at the conduction band, and drop the band index.
We also restrict our calculation for the slowly varying magnetization in space, and
neglect the terms higher than the second order of O(B2λ).
Including external electric potential, the total Hamiltonian is H = HWSM − eφ(r).
Substituting the equation of motion, Eq.(2.88) and (2.87), into the linearized Boltz-
mann equation, we obtain
∂δ fλ
∂t
+
1
D
[
−eE · vλ ∂ f0∂ϵ − e(vλ ×Bλ) ·
∂δ f
∂k
− e2(vλ ·Bλ)(E ·Bλ)∂ f0∂ϵ
]
= −δ fλ
τ
.
Here we neglect the second order terms respect to the spatial gradient. Assuming
that δ f is given following form,
δ f (k, t) = k · F (ϵ(k))e−iωt, (2.99)
under the external electric field E(t) = E exp(−iωt), the linearized Boltzmann equa-
tion can be expressed by[(1
τ
− iω
)
DFi +
evF
k
(1 + 2eBλ ·Bλ) ϵi jkF jBk
]
ki =
[
evF
k
(1 + 2eBλ ·Bλ)Ei ∂ f0∂ϵ
]
ki
where we use expression of the group velocity given by
vλ =
∂ϵλ
∂k
= vF
k
k
(1 − eBλ ·Bλ) − evFk∇k(Bλ ·Bλ). (2.100)
A solution of the linearized Boltzmann equation can be obtained by equating the
coefficient of ki as
Γi jF j =
evF
k
Ei
∂ f0
∂ϵ
. (2.101)
where
Γi j =
[(1
τ
− iω
)
δi j +
evF
k
Dϵi jkBλ,k
]
(2.102)
=
evF
k

k
evF
τ˜−1 DBλ,z −DBλ,y
−DBλ,z kevF τ˜−1 DBλ,x
DBλ,y −DBλ,x kevF τ˜−1
 , (2.103)
where τ˜−1 =
(
1
τ − iω
)
. By taking inverse of Γi j, the non-equilibrium distribution
function is obtained as
δ f = evF
ki
k
Γ−1i j E j
∂ f0
∂ϵ
≈ evF
τ˜−2 +
(
evFBλ
k
)2 [τ˜−1 kik δi j − evFk2 ϵi jkkiBλ,k
]
E j
∂ f0
∂ϵ
. (2.104)
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Consequently, the non-equilibrium current density is derived as
δ jλ,a(r) = −e
∫
d3k
(2pi3)
δ f
[
vFka
k
(1 + eBλ ·Bλ) − λe
2vF
2k2
(Bλ ·Bλ)Bλ,a
]
≈ −
∫
d3k
(2pi)3
e2vF
τ˜−2 +
(
evFBλ
k
)2 [τ˜−1vF kakik2 δi j − ev2F kakik3 ϵi jkBλ,k
]
E j
∂ f0
∂ϵ
=
[
σ(0)aj + σ
(1)
ajkBλ,k
]
E j, (2.105)
where the conductivity is expanded in terms of Bλ,i.
Let us start with the first term with σ(0) which is given by
σ(0)aj = −e2v2F
∫
d3k
(2pi)3
τ˜−1
τ˜−2 +
(
evFBλ
k
)2 kakik2 δi j ∂ f0∂ϵ (2.106)
= −δaj e
2τ
6pi2vF
1 − iωτ
(1 − iωτ)2 + (ωcτ)2 (EF + λ∆)
2. (2.107)
where ωc ≡ evF |Bλ |kF . As we discussed, the spin-axial current correspondence, Eq.(2.5),
suggests that the spin density is related to the axial current as
〈σ〉 = − 1
evF
[δj+(ω) − δj−(ω)]ω→0 ≈ 2eEF∆τ3pi2v2F
E = χSOTE. (2.108)
The associated spin torque is, therefore, obtained as
T = JSχSOTMˆ ×E = 2eJSEF∆τ
3pi2v2F
Mˆ ×E (2.109)
which is consistent with the spin-orbit torque obtained by the linear response theory,
Eq.(2.126).
On the other hand, the second term proportional toBλ is calculated by
σ(1)ajk = e
3v3F
∫
d3k
(2pi)3
τ˜−1
τ˜−2 +
(
evFBλ
k
)2 kakik3 ϵi jk ∂ f0∂ϵ (2.110)
= −ϵajk e
3vF
6pi2
τ2
(1 − iωτ)2 + (ωcτ)2 (EF + λ∆), (2.111)
The associated current corresponds to the Hall effect in the transport picture. Let us
consider weak and strong field limits, namelyωc << 1/τ andωc >> 1/τ, respectively.
In aweakfiled limit corresponding to slowly varyingmagnetization, the conductivity
is evaluated as
σ(1)ajk = −ϵajk
e3vFEFτ2
6pi2
. (2.112)
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On the other hand, in the strong field limit where the magnetization varies faster
than the electron mean free path, the conductivity is given by
σ(1)ajk = −ϵajk
e3E3Fw
2
6pi2vF J2S2
(2.113)
where w is the characteristics length of magnetic texture, for instance, a domain wall
width. Since the effect is understood as the Hall effect, we can further consider the
quantumHall limitwhere spatial variation of themagnetization formsLandau levels.
It is known that, in the three-dimensional massless Dirac system, the quantized Hall
conductivity is given by
σ(1)ajk = ϵajk
e2EF
2pi2vF|Bλ| . (2.114)
The spin density, therefore, is obtained as
〈σ〉 = χSTTE ×Bλ
= χSTT(∇ × Mˆ ) ×E = χSTT
[
(E ·∇)Mˆ −∇(Mˆ ·E)
]
, (2.115)
where the spin susceptibility associated with the spin-transfer torque is defined by
χSTT ≡

eJSEFτ2
3pi2vF
(ωc << 1/τ)
eE3Fw
2
3pi2v2F JS
(ωc >> 1/τ)
eEF
2pi2v2F |∇×Mˆ |
(Quantum Hall limit)
. (2.116)
This result shows the spin density is induced when the magnetization spatially
varies in the presence of external electric fields, which is similar to spin-transfer
torque. Indeed, the first term of Eq.(2.115) is coincides with well-known expression
of the non-adiabatic spin-transfer toque. Comparing with the results from the linear
response theory, the coefficients in Eq.(2.57), therefore, are determined as
A = −C = χSTT, B = 0. (2.117)
The associated spin torque is, then, given by
T = JSχSTTMˆ × (∇ × Mˆ ) ×E (2.118)
= JSχSTT
[
Mˆ × (E ·∇)Mˆ − Mˆ ×∇(Mˆ ·E)
]
. (2.119)
In the weak field limit, the spin-transfer torque appears as the second order in the
relaxation time τ in the Weyl semimetals, while it is the first order in conventional
ferromagneticmetals [129]. Because of a difference in the order of the relaxation time,
a larger effect is expected in theWeyl semimetalwhen clean samples are prepared. On
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the other hand, in the strong field limit and the quantumHall limit, the susceptibility
is independent of the relaxation time. Surprisingly enough, this result indicates that
a dissipation less spin-transfer torque can be expected even when a current flow is
associated with the effect.
At last, let us discuss the charge-induced spin torque by the Boltzmann transport
theory. Since the charge-induced spin torque is an equilibrium torque, it is also
expected to be given by the equilibrium axial current described by
j5 = −e2
∫
d3k
(2pi)3
(B+ −B−) · ∂ϵ∂kB f0 (2.120)
= −e2
∫
d3k
(2pi)3
vF
k2
B f0 (2.121)
= −vFe
2
2pi2
B
∫ Λ
−µ/vF
dk =
e2
2pi2
µB − vFe
2
2pi2
ΛB, (2.122)
where Λ is momentum cutoff. With the correspondence, the induced spin density is
given by
〈σ〉 ≡ − 1
evF
[
j5(µ) − j5(0)] = − e2pi2vFµB, (2.123)
and, therefore, the spin torque is obtained as
T =
e2 JS
2pi2vF
φMˆ ×B (2.124)
where we replace a chemical potential with an electric potential. This result is
consistent with those obtained by phenomenological and microscopic derivations.
2.5 Discussion
In the following, we discuss the physical origins and the relation to the axial transport
phenomena of each spin torques.
2.5.1 Spin-orbit torque
The result, Eq.(2.53), indicates that the spin density is induced in the direction of the
applied electric field. The effect can be understood by the Rashba-Edelstein effect.
In the Weyl Hamiltonian, momentum and spin are fixed to be parallel or antiparallel
depending on the chirality, the spin-momentum locking, shown in Fig.2.8. Suppose
that the electric field is applied in the −x direction, the Fermi surface is shifted
along +kx direction, and the number of the electrons with −kx decreases whereas the
number with +kx increases. Because of spin-momentum locking, the imbalance of
the momentum induces positive x component of the net spin density for the right-
handed and negative for the left-handed. When ∆ = 0 [Fig.2.8 (a)], meaning two
Weyl nodes are located at the same energy, the induced spin density of each node has
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Fermi surface
(a)
Fermi surface
(b)
Fig. 2.8 The induced spin density induced by the Rashba-Edelstein effect with (a)
∆ = 0 and (b) ∆ , 0.
same magnitude but opposite direction, thus the contributions cancel out. However,
once ∆ becomes non-zero [Fig.2.8 (b)], the cancellation is incomplete and the net
spin density becomes finite. In the presence of inversion-symmetry, ∆ has to vanish.
Therefore, to observe the spin-orbit torque, both the inversion and time-reversal
symmetries must be broken.
To comment on the relation to the axial transport, the spin density Eq.(2.53) can be
described as
〈σ〉 = − JS
evF
〈j5〉 (2.125)
where
〈j5〉 = −(2e2EFτ∆/3pi2vF)E (2.126)
is the axial current density, by using the spin-transport correspondence Eq.(2.5).
Namely, the spin susceptibility associated with the spin-orbit torque, χSOT, can be
understood as the longitudinal conductivity of the axial current in the axial transport
picture.
2.5.2 Spin-transfer torque
We discuss the spin-transfer torque based on the symmetry argument. With the
correspondence Eq.(2.5), the spin density associated with the spin-transfer torque
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Eq.(2.57) can be interpreted in the axial transport picture as
〈j5〉 = A(E ·∇)A5 + BE(∇ ·A5) + C∇(E ·A5) (2.127)
in the expression explicitly depending on the axial vector potentialsA5. This expres-
sion is not gauge invariant under the local chiral gauge transformation, in general.
Although the Hamiltonian, Eq.(2.1), does not originally have the local chiral gauge
symmetry, it can be mapped to the locally chiral gauge symmetric Hamiltonian of
Weyl electrons coupled to the axial vector potentials, when the inter-nodal scattering
is neglected. Therefore, the coefficients of these terms have to respect the local chiral
gauge symmetry, otherwise vanish. Considering the results obtained by the semi-
classical theory Eq.(2.115), the spin density actually respects the local chiral gauge
symmetry because the magnetization appears as axial magnetic fields. A similar
discussion had been done for a ferromagnetic insulator on the surface of a topolog-
ical insulator to discuss the absence of the spin-transfer torque [131], however the
responsible symmetries are different, i.e. the U(1) gauge symmetry for the surface of
a topological insulator but the chiral gauge symmetry for theWeyl semimetals. Note
that the correspondence between the spin operators and the axial velocity operators
retains when the band dispersion close to the Fermi energy is described by k-linear
term. If the dispersion deviates from linear, including k2-term, there is no restriction
from local chiral gauge symmetry, and the other form of the spin-transfer torque is
also expected.
To understand in the transport picture, the spin density is described by the axial
current perpendicular to the applied electric field and the axial magnetic fields.
Namely, the effect is understood as the Hall effect of the axial currents under the axial
magnetic fields, and the spin susceptibility χSTT is given by the Hall conductivity.
2.5.3 Charge-induced spin torque
2.5.3.1 Physical origin of charge-induced spin torque
In the following, we discuss the physical origin of the spin polarization of the charge-
induced spin torque, Eq.(2.79), based on the Landau levels of the Weyl semimetals.
As we introduced in Sec. 2.2.2, theWeyl Hamiltonian in the presence of the magnetic
field is given by Eq. (2.22). The spin operators for Eq. (2.22) are defined by
σi = τz
δHWSM
vFδpii
, (2.128)
σz = τz
δHWSM
vFδkz
. (2.129)
suggesting that the correspondence between the spin operators and the axial velocity
operators still holds in the presence of magnetic fields. Since the Landau levels are
independent of pix and piy, only z-component of the spin becomes finite. Therefore
the total spin density is given by
〈σz〉tot = 1vF
∑
kz
EF>En(kz)∑
n
[
v+n,kz − v−n,kz
]
, (2.130)
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where vλn,kz =
dEλn (kz)
dkz
is the group velocity.
Let us first consider contributions from the zeroth Landau levels. The group
velocity of the zeroth Landau levels is −vF for the right-handed electrons (λ = +1),
and +vF for the left-handed electrons (λ = −1). Namely, in the zeroth Landu levels,
both right and left-handed electrons have down spins with respect to the magnetic
field. By contrast, the non-zero Landau levels do not contribute to the total spin
density. Suppose ε is a some energy which cuts the non-zero Landau levels below
Fermi energy, the momenta associated with ε are obtained as
kλ± = −λ JSMzvF ±
√
(ε/vF)2 − 2eBz|n|. (2.131)
The group velocity of the non-zero Landau levels at energy ε is
vλ
n,kλ±
=
dEλn(kz)
dkz
∣∣∣∣∣∣
kz=kλ±
= ∓vFsgn(n)
√
(ε/vF)2 − 2eBz|n|
ε/vF
when |ε| > √2eBz|n|vF. So there always exist two states possessing opposite sign
of the velocity within a Landau level with the chirality λ. According to the above
arguments, contributions to the spin density from the non-zero Landau levels exactly
cancel out.
The total spin density, therefore, is given only by the zeroth Landau levels and
estimated as 〈σz〉tot = −n0(EF) where n0(EF) is electron density in the zeroth Landau
levels below the Fermi energy. When the Fermi energy is shifted by the applied gate
voltage, φ, the induced spin density is given by
〈σz〉 = −gLL
∫ EF−eφ
EF
dED(E) =
e2
2pi2vF
φBz (2.132)
where gLL =
∣∣∣ eBz2pi ∣∣∣ is the zeroth Landau level degeneracy and D(E) = 2/2pivF is the
density of the states for the one-dimensional linear dispersion. This result is identical
to Eq. (2.79).
2.5.3.2 Relation to the chiral anomaly
Next, let us discuss the relationship between the charge-induced spin torque and the
chiral anomaly. As we have been discussed, the correspondence suggests that we
can replace the spin vertex with the axial current vertex, and the spin density of the
charge-induced spin torque Eq. (2.79) can be interpreted as
〈j5〉 = e
3
2pi2
φB. (2.133)
This current can be seen as the chiral magnetic effect for the axial current. Following
the same discussion with the spin-transfer torque, Eq.(2.133) is disallowed if U(1)
gauge symmetries are present because it explicitly depends on a gauge potential, φ.
However, the presence of the chiral anomaly makes this an exceptional case. The
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conservation law of axial currents can be violated even in the presence of the chiral
gauge symmetry, which is the chiral anomaly [105, 106, 134] introduced in Chap. 1.
The violation of the axial current conservation is governed by the anomaly equation.
By taking the divergence, we obtain
∇ · 〈j5〉 = − e
3
2pi2
∇φ ·B = e
3
2pi2
E ·B.
This equation coincides with the anomaly equation in a static case, Eq.(1.15), sug-
gesting that Eq.(2.133) is allowed as a part of the anomaly equation. This indicates
that the charge-induced spin torque is a consequence of the chiral anomaly.
Recently many attempts have been made to observe evidence of the chiral
anomaly[81], for example through theobservationof anegativemagnetoresistance[135,
136, 137, 138, 139, 140]. Observing a charge-induced torque is another direct piece of
evidence of the chiral anomaly. Experimentally, this phenomenon is captured as a
frequency shift in the ferromagnetic resonance (FMR) peak. In ferromagnetic metals,
the interaction energy of the magnetization of local moments is given by the sum
of the Zeeman energy and the exchange energy with the background conduction
electron spins, U =
(−γ0ρSSB0 + JS〈σz〉) Mˆz where ρS is the density of local moments.
By substituting the contribution from the charge-induced spin torque, Eq.(2.79), the
interaction energy U is obtained as
U = −γ0ρSS
(
1 − e
2 J
2pi2γ0ρSvF
φ
)
B0Mˆz
≡ −γ0ρSS
(
1 − ∆B
B0
)
B0Mˆz (2.134)
where ∆B/B0 =
e2 J
2pi2γ0ρSvF
φ = eJ2pi2γ0ρSvF δµF characterizes the shift in the FMR peak.
With typical material parameters for magnetic doped topological insulators such as
CrxBi2−xTe3 (J = 10 meV, ℏvF = 2.2 eVÅ−1, and ρS = 1.1 × 10−4Å−3 with chromium
concentration x = 0.1), we qualitatively estimate the shift in the FMR peak as
∆B
B0
≈ 0.3 ×
(
δµF
[eV]
)
. (2.135)
This indicates that when a FMR measurement is performed while changing the gate
voltage, the FMR peak shifts linearly in the applied gate voltage. If the chemical
potential is shifted 0.1 [eV] by the gate voltage [141], the shift of the FMR peak can
be up to 3%.
2.5.4 Summary of discussion
In this section, we have discussed electrically-induced spin torques including charge-
induced spin torque, spin-orbit torque, and spin-transfer torque. They are summa-
rized as
Te = σAHEφMˆ ×B + JSχSOTMˆ ×E + JSχSTTMˆ × (∇ × Mˆ ) ×E (2.136)
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where χSOT = (2eEF∆)/(3pi2vFη), χSTT = (eJSτ2/3pi2vF) in the weak field limit, χSTT =
(eE3Fw
2/3pi2v2F JS) in the strong field limit, and χSTT = (eEF/2pi
2v2F|∇ × Mˆ |) in the
quantumHall states. Thefirst termdenotes the charge-induced spin torquegenerated
by an applied voltage, while the second term and the third term are driven by an
electric field. We have seen that spin polarized zeroth Landau levels play important
role for the charge-induced spin torque, and the effect is understood as the chiral
magnetic effect of the axial currents. The second term is the spin-orbit torque induced
due to the spin-momentum locking, while the third term can be understood as the
Hall effect of the axial current under the axial magnetic field. The spin responses and
the corresponding axial transports are summarized in Table.2.1.
All of these terms are electrically-driven spin torques, however, the origins are
Spin response : JS〈σ〉 Axial transport : 〈j5〉
Spin-orbit torque : Longitudinal axial current :
JS〈σ〉 = χSOTE 〈j5〉 = σxxE
Spin-transfer torque : Axial Hall current :
JS〈σ〉 = χSTT(∇ ×M ) ×E 〈j5〉 = σxyβ ×E
Charge-induced torque : Axial chiral magnetic effect :
JS〈σ〉 = σAHEφB 〈j5〉 = σAHEφB
Table 2.1 Correspondence between spin response and axial current transports.
completely different. The charge-induced spin torque is an adiabatic phenomenon
in which all states below Fermi energy contribute. On the other hand, the spin-orbit
torque and the spin-transfer torque are a non-equilibrium spin torque, associated
with electrons near the Fermi surface.
Let us briefly comment on other spin torques within the chiral transport pic-
ture. As we introduced in Eq.(2.12), the amplitude of the spin and the Gilbert
damping are modified by the conducting electrons. They are expressed as 〈σ〉 =
(δα/JS)δM˙ + (δS/JS)zˆ × δM˙ where δα and δS are the modification to the Gilbert
damping constant and the amplitude of spins, respectively. Here we take the satu-
rated magnetization axis in z axis. In the chiral transport picture, the coefficients are
nothing but the longitude and Hall conductivity for the axial currents, expressed as
〈j5〉 = (evF/JS)a0E5+(evF/JS)b0zˆ×E5whereE5 = δM˙ is the chiral electric field. If two
Weyl nodes are well separated, the coefficients are equivalent to the conductivities
of the vector currents. Namely, the correction to the Gilbert damping constant and
the amplitude of spin are explicitly written as δα = (JS/evF)σxx and δS = (JS/evF)σxy.
These relations coincide with those of a ferromagnetic insulator deposited on the
surface of a topological insulator.[131]
Finally we discuss the applicable regime of the spin-transport correspondence.
In our analysis in the entire chapter, we have taken account only of intra-nodal
scattering. This assumption is valid when the Fermi energy is located close to the
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Weyl nodes and the two nodes are well separated. The argument based on the chiral
gauge symmetry for the spin-transfer torque is applicable as long as this assumption
is valid. When the Fermi energy is far from the Weyl nodes or the distance between
nodes is small, states with different chirality hybridize and chiral gauge symmetry
is no longer present. In this case, there is no symmetry restriction, and other form of
the spin-transfer torque is also to be expected.
In addition, we have only considered impurities in the first Born approximation,
however it is straight forward to introduce vertex corrections. Several theoretical
papers have concluded that, inWeyl semimetals, ladder type corrections onlymodify
the Fermi velocity of the current vertex.[142, 143, 144] Because our model includes
the correspondence between the velocity and the spin operators, the vertex is also
only modified in the coefficient. Therefore our results are not cancelled by the vertex
correction, and valid after a modification in the Fermi velocity vF → ΛF, being the
renormalized velocity.
2.6 Summary
In conclusion, we present phenomenological, semiclassical, and the microscopic
derivation of the electrically induced spin torques in ferromagnetic Weyl semimet-
als. Firstly, we derive a spin torque induced by the gate control, so called the charge-
induced spin torque, in the generic anomalous Hall ferromagnets. As an example
of the anomalous Hall ferromagnet, we consider the magnetic Weyl semimetal and
discuss the physical origin of the charge-induced spin torque. Secondly, we present
the microscopic theory of current- and charge-induced spin torques by using the
linear response theory. Because of the spin-transport correspondence and the local
chiral gauge symmetry, we found that the analytic form of the spin-transfer torque
is restricted to preserve the symmetry as long as the two Weyl nodes with oppo-
site chirality are well separated in momentum space. Under the uniform magnetic
configuration, the spin-orbit torque is expected as current-induced spin torques up
to first order with respect to spatial and temporal derivation and electrical currents.
We derived the analytical expression and found the non-equilibrium spin density
is induced in the applied electric field direction when the inversion symmetry is
broken, in other words, ∆ , 0. The phenomenon is understood by the Rashba-
Edelstein effect because of the spin-momentum locking. Microscopic derivation of
the analytical expression of the charge-induced spin torque is presented, and we
successfully reproduce results obtained phenomenologically. We also discussed that
the charge-induced spin torque is understood in terms of the chiral anomaly and the
correspondence between the spin phenomena and the chiral transport phenomena.
This indicates that the observation of the charge-induced spin torque might be direct
evidence of the chiral anomaly. Experimentally, it is expected to be observed as a fre-
quency shift of the ferromagnetic resonance peakwhich is estimated as∼ 3%. Finally,
the semiclassical derivation of the electrically-induced spin torque is also studied.
With use of the Boltzmann transport theory and the spin-transport correspondence,
the spin densities induced by the current and the electric potential are obtained. As
a main result of the semiclassical theory, we derive the analytical expression of the
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spin-transfer torque and find that the effect is understood as the Hall effect of the
axial current under the axial magnetic field. When magnetization varies slowly in
space, the spin transfer torque is expected to be larger than those in conventional fer-
romagnetic metal. On the other hand, whenmagnetization varies fast corresponding
the high magnetic field regime, the spin-transfer torque surprisingly becomes inde-
pendent of the relaxation time, therefore the dissipation less magnetization control
might be possible.
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Chapter 3
Voltage-driven magnetization
dynamics in Weyl semimetals
As we discussed in the previous chapter, magnetization dynamics can be driven by
applying an electric potential in the Weyl semimetals. In this chapter, we demon-
strate electrical magnetization switching and spin pumping in magnetically doped
Weyl semimetals. By solving the Landau-Lifshitz-Gilbert equation for a multilayer
structure of a magnetic Weyl semimetal, an insulator and a metal whilst taking the
charge-magnetization coupling into account, magnetization dynamics is analyzed. It
is shown that the magnetization dynamics can be driven by the electric voltage due
to the charge-induced spin torque. Consequently, switching of the magnetization
with a pulsed electric voltage can be achieved, as well as precession motion with
an applied oscillating electric voltage. The effect does not accompany a constant
current, therefore may be energetically favorable in spintronics devices compared to
conventional current-induced spin torque.
The contents of this chapter have been published in:
D. Kurebayashi and K.Nomura, Phys. Rev. Applied. 6, 44013 (2016).
3.1 Setup and Formalism
In this section, we introduce a device structure made of the Weyl semimetals, and
discuss the magnetization dynamics in terms of magnetic energy functional. As a
setup, we consider a multilayer device, depicted in Fig.3.1, composed of a mag-
netically doped Weyl semimetal, an insulator, and a metal. An electric voltage is
applied between the Weyl semimetal and the metal layer. The setup is considered as
a back-gating structure. To utilize the charge-induced spin torque introduced in the
previous chapter as Eq.(2.19), a uniform magnetic field is also applied.
Let us start with the energy density functional of the magnetization in the multi-
layer structure. In the presence of the external magnetic field, the Zeeman contribu-
tion to the energy density of local moments is described as
EZ = −gµBρSMˆ ·B (3.1)
where ρS is the density of themagnetic dopants. To fix an easy axis, we also introduce
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Fig. 3.1 Schematic illustration of the multilayer structure of a Weyl semimetal,
an insulator, and a metal. The applied voltage between the Weyl semimetal layer
and the bottommetal layer induces magnetization dynamics. The thickness of the
Weyl semimetal and the insulator are denoted as d0 and d, respectively.
uniaxial magnetic anisotropy given by
EA = −KMˆ2y (3.2)
where K is the anisotropic constant. The easy axis is chosen along y axis.
Above two terms exist in conventional magnetic materials. On the contrary, in
the magnetic Weyl semimetals, there are additional contributions to the energy den-
sity emerging due to the charge-magnetization coupling which is introduced in the
previous chapter as
ρind = enind = σAHEMˆ ·B. (3.3)
The total number of electrons changes depending on the relative angle between the
magnetization and the applied magnetic field. This induces an additional charging
energy density,
EC =
ρ2AHE
2C
=
1
2C
(
σAHEMˆ ·B
)2
(3.4)
where C is a capacitance of the multilayer device per unit volume. In the presence of
an external electric voltage, the electric potential also contributes to the totalmagnetic
energy as
EV = φρAHE = φ
(
σAHEMˆ ·B
)
(3.5)
where φ is the applied voltage. This corresponds the thermodynamics potentialΩCS
introduced in Eq.(2.17).
The total magnetic energy density is, therefore, given by
Etotal = −gµBρSMˆ ·B − KMˆ2y
+
1
2C
(
σAHEMˆ ·B
)2
+ φ
(
σAHEMˆ ·B
)
. (3.6)
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Fig. 3.2 Schematic illustration of the spin torque induced by the electric voltage.
(a) The equilibrium magnetization direction determined by the balance of the
charging energy and the Zeeman energy. (b),(c) Magnetization precession driven
by the applied voltage. The direction of the spin torque changes depending on the
sign of the voltage.
Let us consider the equilibrium state of the magnetization. Here we take the
external magnetic field as B = Bzˆ. To minimize the Zeeman energy, the magneti-
zation becomes parallel to the magnetic field, whereas the charging energy EC tries
to decrease the induced charge density by making the magnetization in the plane
perpendicular to the magnetic field. The electric voltage contribution, EV, favors the
magnetization direction parallel or antiparallel to the magnetic field depending on
the sign of electric voltage φ. The perpendicular component to the magnetic field is
always +yˆ or −yˆ direction due to magnetic anisotropy. As shown in Fig. 3.2 (a), the
equilibrium state is determined by a competition between the Zeeman energy and
the charging energy. The equilibrium magnetization direction is, therefore, obtained
by minimizing EC + EZ + EA as
θ0 =
cos
−1
(
− BgµBρS1
C σ
2
AHEB
2+K
)
for 1Cσ
2
AHEB
2 + K > BgµBρS
0 for 1Cσ
2
AHEB
2 + K < BgµBρS
(3.7)
where θ0 is the stabilized zenith angle of the magnetization in the presence of the
electric voltage. The results shows that the magnetization direction can be tilted
away from the magnetic field by the charging energy as a consequence of coupling
between the magnetization and charge density. The dominance of energies can be
controlled by the magnetic field, where the charging energy becomes dominant in
the strong magnetic field. The capacitance also controls the dominance. In the
multilayer structure shown in Fig. 3.1, the capacitance is estimated as C = εd d0 where
ε is a dielectric constant of the insulator, d and d0 are the thickness of the insulator and
the Weyl semimetal. When the electric voltage is applied, torque is exerted on the
magnetization to drive dynamics around the equilibrium state as shown in Fig.3.2.
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3.2 Voltage-driven magnetization dynamics
In this section, we discuss dynamics of themagnetization in theWeyl semimetal. The
magnetization dynamics is described by the Landau-Lifshitz-Gilbert equation,
dMˆ
dt
= −γMˆ ×Beff + αMˆ × dMˆdt , (3.8)
where Beff is an effective magnetic field obtained by taking variational of the total
energy density by magnetization,
Beff =
1
ℏγ
δEtotal
ρSδMˆ
, (3.9)
γ is the gyromagnetic ratio, and α is the Gilbert damping constant. Etotal is the
total energy density of magnetization introduced in Eq. (3.6). The charging energy
EC and the potential term EV give additional contributions to the Landau-Lifshitz-
Gilbert equation because charge-magnetization coupling [145]. The contributions
are described in terms of the effective field,Beff = B +BA +BC +BV, as
BC =
∂EC
ℏγρS∂Mˆ
=
σAHE
ℏγρSC
(
σAHEMˆ ·B
)
B (3.10)
BV =
∂EV
ℏγρS∂Mˆ
=
φσAHE
ℏγρS
B. (3.11)
Then the spin torque associated with the charging and potential contributions are
obtained as TC = ℏγBC × Mˆ and TV = ℏγBV × Mˆ which is nothing but the charge-
induced spin torque. The anisotropy energy gives a contribution which is indepen-
dent of the magnetic field as BA =
∂EA
ℏγρS∂Mˆ
= 2 KℏγρSMyyˆ. By solving the Landau-
Lifshitz-Gilbert equation with these additional contributions, the time evolution of
magnetization is computed.
In our calculation,we chose the typicalmaterial parameters formagnetically doped
Bi3Se2 given as σAHE = 336.3Ω−1cm−1, ρS = 1.3 × 1020cm−3, α = 0.01, 2K/ℏγρS =
0.1T, B = 0.1T, and d · d0 = 5.0 × 10−15m2. The dielectric constant are chosen as
ϵ/ϵ0 = 9.7 corresponding to silicon carbide. The charging energy is greater than
the Zeeman energy with these parameters. The equilibrium magnetization angle,
therefore, is tilted from the appliedmagnetic field as discussed in Eq.(3.7). As electric
voltage inputs, we consider the pulsed and oscillating electric potential to examine
the magnetization dynamics.
3.2.1 Magnetization switching by pulsed voltage
Let us start with the magnetization dynamics under the pulsed electric voltage.
When the electric voltage is absent, φ = 0, the magnetization relaxes to the direction
determined by Eq.(3.7). In this case, the Zeeman energy and the charging energy
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Fig. 3.3 (a) Magnetization trajectory with the pulsed voltage. It shows that the
magnetization changes the sign from +y to −y. (b) The time evolution of the y
component of the magnetization with the pulsed voltage. The numerical calcula-
tion is done with the parameters, V0 = 0.1V and δt = 2nsec. Lower figure shows
spin switching whichMy changes its sign following the pulsed voltage inputs.
counterbalance each other as shown in Fig.3.2 (a). When the electric voltage φ is
turned on, BV is generated and then the charge-induced spin torque TV is induced.
The direction of the torque depends on the sign of the applied voltage, V, as shown
in Fig.3.2 (b) and (c). When the voltage φ is large enough to overcome the anisotropy,
the magnetization changes its direction from +yˆ to −yˆ, or vice versa. We numeri-
cally solve the Landau-Lifshitz-Gilbert equation for the case of pulsed voltage input.
For each pulse, we use the Gaussian function, φ = φ0 exp
[
−t2/2δt2
]
where φ0 is the
amplitude and δt is the width of the pulse. Numerical results of the magnetization
trajectory for pulsed voltages is shown in Fig. 3.3 (a). It indicates that the magneti-
zation changes its direction between +yˆ and −yˆ. Figure 3.3 (b) also shows that the y
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Fig. 3.4 (a) Magnetization trajectory driven by the oscillating voltage. It shows
that the magnetization precesses around the equilibrium axis. (b) The time evolu-
tion of the y component of Mˆ × ˙ˆM with the oscillating voltage. The parameters
are taken as V0 = 0.1V and ω = 5GHz.
component of magnetization can be repeatedly reversed by electric pulses.
3.2.2 Spin pumping by AC voltage
Next we consider the magnetization dynamics under the oscillating electric volt-
age. In addition to controlling the direction of the magnetization, generation of spin
currents is one of central issues in the field of spintronics. Spin pumping is a well
established method of generating spin currents, which allows the transfer of the spin
angular momentum from magnetization precession motion in a ferromagnet to the
conduction electron spin [146, 147]. To induce precession of the magnetization a
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Fig. 3.5 Schematic illustration of the device structure for spin pumping. A metal
layer is added on the tri-layer structure. Oscillating voltage inducesmagnetization
precession and generates a spin current. The generated spin current is pumped
into an adjacent metal layer.
microwave is irradiated in addition to the static magnetic field tuned at the ferro-
magnetic resonant condition. In the following we propose an alternative method
to induce precession motion of the localized magnetization in the Weyl semimetal.
Instead of microwave irradiation, we introduce an oscillating voltage. When the ap-
plied voltage is smaller than the anisotropic energy, the charge-induced spin torque
cannot overcome the anisotropy. Consequently, themagnetization precessionmotion
around the equilibrium axis given by Eq. 3.7 is driven instead of the magnetization
reversal. Figure 3.4 (a) shows a typical trajectory of magnetization precession under
an oscillating electric voltage φ = φ0 sin(ωt) where ω is the frequency.
Here we consider a metal attached to the Weyl semimetal as depicted in Fig. 3.5.
In a model of spin pumping, the DC component of the spin current density injected
into the adjacent metal layer by the precessing magnetization is expressed as
jS =
ω
2pi
∫ 2pi/ω
0
dt g↓↑Mˆ × ˙ˆM (3.12)
where g↓↑ is the real part of the spin mixing conductance [146, 147] at the interface
between the adjacent metal and theWeyl semimetal. Experimentally the spin current
density js can be detected as a voltage signal via the inverse spin Hall effect in the
metal layer [148]. We compute Mˆ × ˙ˆM , and its y component is shown in Fig.3.4 (b).
The result shows an oscillating behavior in (Mˆ × ˙ˆM )y with the same frequency as
the input electric voltage. This suggests that an AC spin current is induced by the
electric voltage. Furthermore, DC component in (Mˆ × ˙ˆM )y is also generated. In the
multilayer structure, Fig. 3.5, the generated spin current is injected into the topmetal
layer.
3.3 Discussion
In discussion, we compare our results with known technics to control magnetiza-
tion. By comparison with a current-induced magnetization dynamics such as the
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spin-transfer torque [1, 2, 149, 3] and the spin-orbit torque [11, 66, 68, 62], the pro-
posed manipulation does not accompany a constant current, therefore it is expected
to be energetically more efficient because there is no loss from the Joule heating. The
electric voltage control of the magnetization has been also proposed and experimen-
tally performed in a magnetic tunnel junction structure composed of a ferromagnetic
metal, FeCo, and aMgO barrier [150]. In this system, the electric voltage changes the
perpendicularmagnetic anisotropy due to the spin-orbit interaction, causing the spin
torque. However a strong electric field is required to produce a large enough torque
for magnetization switching with this mechanism, limiting the practical application
for nanoscale devices, because the torque is a secondary effect from a changing in
the Fermi surface anisotropy. In contrast, there is the direct coupling between the
magnetization and the charge in the Weyl semimetal, Eq. (2.16), our method only
requires the electric voltage larger than the easy axis anisotropy (EV > EA) which
can be tuned experimentally. For a typical magnetic semiconductor Ga1−xMnxAs
whose magnetic anisotropy field is an order of 0.1T ∼ 1T [20], the thresholds voltage
is expected to be 0.1V ∼ 1V.
3.4 Summary
In conclusion, we study the magnetization dynamics in the multilayer structure
composed of the magnetically doped Weyl semimetals. While taking account of the
charge-magnetization coupling, we solve the Landau-Lifshitz-Gilbert equation and
analyze the magnetization dynamics driven by an applied electric voltage. As a
result, we found that the magnetization switching is achieved by a pulsed electric
voltage. Moreover, it was shown that magnetization precession is induced by an
oscillating voltage. Since the precession motion generates a spin current, therefore,
the spin pumping is achieved by AC voltage. These electrical manipulations of the
magnetization do not accompany constant currents, and are indispensable for low
energy consumption devices. TheWeyl semimetal, therefore, might be the candidate
of the next generation spintronics material.
71
Chapter 4
Summary and Conclusion
In this paper, we studied the spintronic phenomena in the Weyl semimetals. The
Weyl semimetal has topologically nontrivial electronic band structure, whose low-
energy physics is described by the 2 × 2 Weyl Hamiltonian analogous to the Weyl
fermions. Because of the chiral nature of the Hamiltonian, the Weyl semimetal
exhibits many peculiar transport properties such as the spin-momentum locking and
the chiral anomaly. Firstly, we focused on the spin responses to external fields in the
magnetic Weyl semimetals, and the relation between the spin torques and electronic
transport propertieswas explicated in chapter 2. Secondly, we proposed a spintronics
device application of theWeyl semimetal, and analyzed the magnetization dynamics
induced by an applied electric voltage in chapter 3. Consequently, we found that the
electric manipulation of magnetization without flowing current can be achieved.
In Chapter 2, we studied spin torques indued by an applied electric voltage and
current. Hence the Weyl semimetal exhibits the chiral anomaly in transport prop-
erties, novel spin responses are expected. We calculated the non-equilibrium spin
density in the presence of external fields. Firstly, we employed a phenomenologi-
cal approach based on the generic relation of the anomalous Hall conductivity and
the Stre˘da formula, and found that spin torque, so-called the charge-induced spin
torque, is generated when the chemical potential is modulated. The present discus-
sion is applicable not only to the Weyl semimetal, but also the systems possessing
finite anomalous Hall conductivity. We examined the charge-induced spin torque
microscopically and semiclassically for the Weyl semimetal. As a result of the anal-
ysis, we found that the charge-induced spin torque is a consequence of the chiral
anomaly, namely the chiral magnetic effect of the axial current. The charge-induced
spin torque is experimentally observed as a shift in a ferromagnetic resonance peak,
which can be considered as the direct evidence of the chiral anomaly. Secondly, we
presented the derivation of the spin-orbit torque and the spin-transfer torque with
use of the linear response theory and the Boltzmann transport theory. As a result,
analytical expression of both spin torques were obtained. We further discussed the
correspondence between the spin density and the axial current density which the
magnetic Weyl semimetals possesses. Based on the correspondence, we unveiled
that the spin-orbit toque is understood as a longitudinal axial current, while the
spin-transfer torque is understood as the Hall effect of an axial current under in
the presence of the axial magnetic field. In the clean system with longer relaxation
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time, the spin-orbit torque in the Weyl semimetal was found to be larger than those
in conventional ferromagnetic metal due to the difference in the order of the relax-
ation time. Even interestingly, when the magnetization varies fast corresponding
to the high field regime, the spin-transfer torque becomes independent of the relax-
ation time. This result indicates that dissipation less magnetization control might be
achieved. Obtained spin torques are summarized as
Te = σAHEφMˆ ×B + JSχSOTMˆ ×E + JSχSTTMˆ × (∇ × Mˆ ) ×E (4.1)
where the first term is the charge-induced spin torque, the second term is the spin-
orbit torque, and the last term is the spin-transfer torqeu.
In chapter 3, we proposed a multilayer structure consisting with a magnetic Weyl
semimetal, an insulator, a metal with applied electric voltage between the top Weyl
semimetal layer and the bottom metal layer. Hence the charge degrees of freedom
directly couple to magnetization in the Weyl semimetal, there are additional contri-
butions to magnetic energy functional, the electric potential and the charging energy.
Weanalyzedmagnetizationdynamics by solving theLandu-Lifshitz-Gilbert equation
while taking account of these contributions. Consequently, the electric manipulation
ofmagnetization by the gate voltagewas achieved. As voltage inputs, we considered
a pulsed voltage and an oscillating voltage. We found that the precessional switching
of the magnetization can be driven by the pulsed voltage, while the magnetic preces-
sion is induced by the oscillating voltage, generating spin currents. When an metal
layer is deposited on top of the Weyl semimetals layer, the spin current is pumped
into the adjacent metal layer. Themanipulation of themagnetization in the proposed
device can be energeticallymore efficient than the conventional current-induced spin
torque because no constant current flow is required.
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